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pqr stDuBG ]XMSNUPMOR RPZUS JKPZKO[[UMZj dIeKUNUMZ RPZUSj cOX_Ij vIKUVSONUPM
wECqxtDrG ]\y\zj {\z\zj {\z\|

} ~�����������

�2%83&.%,1�1.�&8 #��; 1,%�2,�(* 1&�( �.� ���0(� ,%+ 6�%8�(� ����� .) -2))�
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4(*(�2() �����: ¨(�)&3&%� 1.�&8 �,* �((% &/01(/(%3(+ &% 3�( *0(8&�8,3&.% ,%+
0).�),//&%� 1,%�2,�( 4,2+( �-1,'(1 (3 ,1: �����: ��()( ,)( ,1*. *./( '()&�8,�
3&.% 3..1* +('(1.0(+ �.) 4,2+( 0).�),/*5 1&�( 3�( ¥�¬ 0).'() �-1,'(1 �����5 3�(
��� /.+(1 8�(8�() �-1,'(1 (3 ,1: ����� .) 3�( �¨� 1.�&8 �4,)3© (3 ,1: ���®� �.)
0).'&%� /.+,1 ,%+ 3(/0.),1 0).0()3&(*: ¥% 3�&* 0,0() �( (¦01.)( �.� 3. 3),%*��.)/ , -¨ª� 0).�),/ &%3. ,% ¯°±²³´µ¯¶· 4,2+( 0).�),/ *. 3�,3 �( 8,% 2*(
3�( (¦&*3&%� 3..1* 3. 0).'( 0).0()3&(* .� �2%83&.%,1�1.�&8 0).�),/*:
��( �.,1 .� .2) 0,0() &* 3. &/0).'( 3�( '()&�8,3&.% /(3�.+* �.) �� 0).�),/*

0).0.*(+ &% .3�() �.)�*: ¥% �-1(', (3 ,1: ���¸�5 '()&�8,3&.% .� �� 0).�),/* &*
+.%( �� 3),%*�.)/&%� 3�(/ &%3. 1.�&8 0).�),/* &% +&¹()(%3 �,�*: «23 &% /,%�
8,*(* 3�( /(3�.+ &* %.3 ,* (¹(83&'( ,* .%( �.21+ +(*&)(: §%( .� 3�( 0).�1(/*
,)&*&%� 3�()( &* 3�,3 �( �,'( 3. 3),%*1,3( 3�( .)&�&%,1 0).�),/ �)*3 &%3. , 1.�&8
0).�),/ ,%+ 3�(% �( %((+ , 3),%*1,3&.% �(3�((% *28� 1.�&8 0).�),/ ,%+ 3�( 1,%�
�2,�( ,88(03(+ �� 3�( 0).'&%� 3..1: ¥% 3�&* 0,0() �( 0).0.*( , 3),%*�.)/,3&.%
�(3�((% -¨ª� 0).�),/* ,%+ 4,2+( 0).�),/*: ��&* 3),%*�.)/,3&.% 0).8(** &*
*3),&��3�.)�,)+ ,%+ &3 8,% �( ,23./,3(+ (,*&1� ,* �( 3,�( ,+',%3,�( .� 3�( 0).0�
()3&(* .� 4,2+( ,* , *(/,%3&8 �),/(�.)� �.) 3�( *0(8&�8,3&.%º &% 3�&* *(%*( 3�()(
,)( /,%� �.)�* ��()( 4,2+( &* 2*(+ ,* 3�( *(/,%3&8 �),/(�.)� 3. )(0)(*(%3
.3�() 1.�&8* �4,)3© ,%+ 4(*(�2() �����:ª( ,1*. 0).0.*( , 0)..� /(8�,%&*/ 3�,3
*((/* 3. �( *&/01() &% /,%� &%3()(*3&%� 8,*(* ,%+ 3�,3 8,% �( (,*&1� ,23./,3(+:
ª( 0).0.*( ,% &%+283&'( /(3�.+ �.) 0).'&%� 0).0()3&(* �,*(+ .% 3�( 1(%�3� .�
3�( 8./023,3&.%: ��&* /(3�.+ 8./01(/(%3* 3�( ¥�¬ 0).'() ,%+ 8,% �( 2*(+ &%
8..)+&%,3&.% �&3� &3: ��&* 8..)+&%,3&.% &* +.%( ,+,03&%� 3�( .�*()',3&.%* 2*(+
&% �4,)3© (3 ,1: ���®� �.) .2) 02)0.*(*: ��()(�.)(5 &% .)+() 3. 0).'( ,%� 0).0()3�
�( +&*3&%�2&*� �(3�((% 3�( -¨ª� 0).�),/ &3*(1� ,%+ 3�( .�*()',3&.%* �( 8.21+
+(�%( .'() &3: 628� .�*()',3&.%* 8.))(*0.%+ 3. 3�( (�2,3&.%,1 0,)3 .� 3�( )(*213�
&%� 4,2+( *0(8&�8,3&.% ,%+ 3�(� +&*3&%�2&*� �(3�((% 3�( 0).�),/ .'() ��&8�
�( 8,% 0).'( , �&'(% 0).0()3� ,%+ 3�( 0).0()3� &3*(1�:
��( )(*3 .� 3�( 0,0() &* *3)2832)(+ ,* �.11.�*: ¥% 3�( %(¦3 *(83&.% �( �&'( ,

�)&(� &%3).+283&.% 3. )(�)&3&%� 1.�&8: ¥% 6(83&.% � �( 0)(*(%3 3�( -¨ª� 8,18212*
,%+ �( �&'( 3�( 3),%*�.)/,3&.% 0).8(** �(3�((% -¨ª� ,%+ 4,2+( 0).�),/*: ¥%
*(83&.% ¸5 �( +(�%( 3�( &%&3&,1 /.+(1 .� .2) 0).�),/* ,%+ �( �&'( 3�( 1,%�2,�(
&% ��&8� 0).0()3&(* ,)( (¦0)(**(+: 6(83&.% ® &%3).+28(* 3�( &%+283&'( /(3�.+ 3.
0).'( 3�( 0).0()3&(* ,%+ &112*3),3(* &3* 2*( .% ',)&.2* (¦,/01(*: �&%,11�5 6(83&.%
¤ ,%,1��(* 3�&* 0)..� /(3�.+ ,%+ 0)(*(%3* *./( 8.%812*&.%*:
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Ã Ä¯ÅÄ²·¯ ·Æ¯ÇÄÈ R &* +(�%(+ ,* , ¸�3201( R = (Σ,E,L,R) ��()( (Σ,E) &*,% (�2,3&.%,1 3�(.)�5 L &* , *(3 .� 1,�(1*5 ,%+ R &* , *(3 .� 0.**&�1� 8.%+&3&.%,1
1,�(1(+ Ä¯ÅÄ²·¯ Ä±µ¯É5 t→ t′

3�,3 ,)( ,001&(+ /.+21. 3�( (�2,3&.%*E : ¥%32&3&'(1�53�( *&�%,32)( (Σ,E) .� , )(�)&3( 3�(.)� +(*8)&�(* , 0,)3&821,) *3)2832)( �.) 3�(*3,3(* .� , *�*3(/5 ,%+ 3�( )(�)&3( )21(* +(*8)&�( ��&8� (1(/(%3,)� 1.8,1 3),%*&�
3&.%* ,)( 0.**&�1( &% 3�( +&*3)&�23(+ *3,3( �� 8.%82))(%3 1.8,1 3),%*�.)/,3&.%*:
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,* 3�( 2%+()1�&%� (�2,3&.%,1 1.�&8 �«)2%& ,%+ 4(*(�2() �����: 4Ê� *200.)3*
*.)3* #(:�:5 ÍÎÎÏ5 ÐÑÒ; '&, Ó´¶ÈÌÉÇÄ·¯Ë *&�%,32)(* ,%+ 3�( )(1,3&.% .� *.)3* '&,
ÇÄË¯ÄÌÉÇÄ·¯Ë *&�%,32)(* #(:�: ÐÔÐÑÒ Õ ÐÑÒ;:Ã 4Ê� *&�%,32)( &* , 3)&01( (K,Σ, S)5 ��()( K )(0)(*(%3* , *(3 .� Ö²¶ËÉ5
Σ = {Σδ,k}(δ,k)∈K∗×K

, /,%���&%+(+ *&�%,32)( ,%+ S = {Sk}k∈K
, K��&%+(+�,/&1� .� +&*7.&%3 *(3* .� *.)3*: Ã 4Ê� Σ�,1�(�), A

8.%3,&%* , *(3 Ak
�.) (,8�

�&%+ k ∈ K 5 , �2%83&.% Af : Ak1
×. . .×Akn

→ Ak
�.) (,8� .0(),3.) f ∈ Σk1...kn,k,%+ , *2�*(3 As ⊆ Ak

�.) (,8� *.)3 s ∈ Sk
5 �&3� 3�( /(,%&%� 3�,3 (1(/(%3* &%

*.)3* ,)( �(11�+(�%(+5 ��&1( (1(/(%3* �&3�.23 *.)3 ,)( ¯ÄÄÇÄÉ: ª( �)&3( TΣ,k
,%+

TΣ(X)k
3. +(%.3( )(*0(83&'(1� 3�( *(3 .� �).2%+ Σ�3()/* �&3� �&%+ k ,%+ .�

Σ�3()/* �&3� �&%+ k .'() ',)&,�1(* &% X 5 ��()( X = {x1 : k1, . . . , xn : kn}
&* ,

*(3 .� �&%+(+ ',)&,�1(*:
£&'(% , 4Ê� *&�%,32)(5 �( /,� +(�%( (�2,3&.%* .� 3�( �.)/ t = t′ .)/(/�()*�&0* .� 3�( �.)/ t : s5 �&3� t, t′ ∈ TΣ(X)k

,%+ s ∈ Sk
: §)+() *.)3(+

%.3,3&.% s1 < s2
8,% �( 2*(+ 3. ,��)('&,3( 3�( 8.%+&3&.%,1 /(/�()*�&0 (∀x :

k) x : s2 if x : s1
:

��( +(+283&.% )21(* �.) , ¨� 3�(.)� ,)( *�.�% &% �,�1( �: ��( )21(* ,)( �&'(%
�.) 3�( 2%8.%+&3&.%,1 8,*(5 ��&8� &* 3�( .%( 2*(+ &% 3�( 0,0(): ��( (¦3(%+(+ )21(*
�.) 3�( 8.%+&3&.%,1 8,*( 8,% �( �.2%+ &% �«)2%& ,%+ 4(*(�2() �����:
6�*3(/* &% 4,2+( ,)( �2&13 .23 .� �,*&8 (1(/(%3* 8,11(+ /.+21(*: Ã ×±¶Ø·²Ç¶´µ

ÓÇË±µ¯ *0(8&�(* , 3�(.)� (Σ,E) &% /(/�()*�&0 (�2,3&.%,1 1.�&8: Ê�2,3&.%* .��2%83&.%,1 /.+21(* ,)( ,**2/(+ 3. �( -�2)8� ¨.**() ,%+ 3()/&%,3&%�º �.�('()5
(�2,3&.%,1 ,33)&�23(*5 1&�( ÑÙÙÎÚ ,%+ ÚÎÛÛ ,)( ,11.�(+ �.) +(81,)&%� 8()3,&% �&%+*
.� (�2,3&.%,1 ,¦&./*5 3�,3 �.21+ �( &% .3�() 8,*( %.%�3()/&%,3&%� (�2,3&.%*: ��(
&%&3&,1 /.+(1 .� , �2%83&.%,1 /.+21( &* 3�( &%&3&,1 ,1�(�), .� 3�( 3�(.)� TΣ/E

:
��( *0(8&�8 *�%3,¦ .� , 4,2+( �2%83&.%,1 /.+21( &*

ÜÛÎÝ ÓÇË±µ¯Ì¶´Ó¯ ÞÙ ß¯Øµ´Ä´·²Ç¶É ´¶Ë É·´·¯Ó¯¶·É àáÝÜÛ:
��()( +(81,),3&.%* &%812+( 3�( &/0.)3,3&.% .� �2%83&.%,1 /.+21(*5 *.)35 *2�*.)3
,%+ .0(),3.) +(81,),3&.%*5 ��&1( *3,3(/(%3* &%812+( (�2,3&.%,1 ,%+ /(/�()*�&0
,¦&./*:
Ã ÉÈÉ·¯Ó ÓÇË±µ¯ *0(8&�(* , )(�)&3( 3�(.)�: ��( &%&3&,1 /.+(1 .� , *�*3(/

/.+21( TR
&* &% (**(%8( ,% ,1�(�),&8 3),%*&3&.% *�*3(/5 �&3� ,++&3&.%,1 .0(),�

3&.%*5 &%812+&%� , *(�2(%3&,1 8./0.*&3&.% .0(),3&.% �.) 1,�(11(+ 3),%*&3&.%*: ��(



â"=�� ãä ¨21(* .� +(+283&.% �.) ,% ¨��3�(.)�

¨(å(¦&'&3� t ∈ TΣ(X)k

[t]→ [t]

-.%�)2(%8( f ∈ Σk1,...,kn,k
5 ti, t

′
i ∈ TΣ(X)k

�.) i ∈ [1 . . . n]

[t1]→ [t′1] . . . [tn]→ [t′n]

[f(t1, ..., tn)]→ [f(t′1, ..., t
′
n)]

¨(01,8(/(%3 r : [t(x)]→ [t′(x)]

[w1]→ [w′
1] . . . [wn]→ [w′

n]

[t(w/x)]→ [t′(w′/x)]

�),%*&3&'&3� [t]→ [t′] [t′]→ [t′′]

[t]→ [t′′]

+,3, &% 3�( *3,3(* .� 3�( *�*3(/ ,)( 0).'&+(+ �� 3�( 2%+()1�&%� &%&3&,1 ,1�(�),
TΣ/E

: ��( 1,�(11(+ *3,3( 3),%*&3&.%* ,)( 3�( 8.%82))(%3 )(�)&3(* 0.**&�1( &% 3�(
*�*3(/ �� ,001&8,3&.% .� 3�( )21(* R : 6�*3(/ /.+21(* ,)( �)&33(% &% 4,2+( ��

ÛÎÝ ÓÇË±µ¯Ì¶´Ó¯ ÞÙ ß¯Øµ´Ä´·²Ç¶É ´¶Ë É·´·¯Ó¯¶·É àáÝÛ:
��()( 3�( +(81,),3&.%* ,%+ *3,3(/(%3* &%812+( %.� &/0.)3,3&.% .� *�*3(/ /.+�
21(* ,%+ )21( *3,3(/(%3*:
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¥% 3�&* *(83&.% �( �&'( , �)&(� *2)'(� .% 3�( -¨ª� 8,18212* �£.%��1(� (3 ,1: ���¤5
£.%��1(� (3 ,1: ����� &%812+&%� 3�( /,&% 8�,),83()&*3&8* %((+(+ &% 3�&* 0,0():
ª( ,**2/( , *&�%,32)( Σ = DCΣ ∪ FSΣ

��()( DCΣ =
⋃

n∈IN DCn
Σ
&* ,

*(3 .� ØÇ¶É·Ä±Ø·ÇÄ *�/�.1* ,%+ FSΣ =
⋃

n∈IN FSn
Σ
&* , *(3 .� ×±¶Ø·²Ç¶ *�/�.1*5

,11 .� 3�(/ �&3� ,**.8&,3(+ ,)&3� ,%+ *28� 3�,3 DCΣ ∩ FSΣ = ∅: ª( ,1*.,**2/( , 8.2%3,�1( *(3 V .� ³´Ä²´÷µ¯ *�/�.1*: ª( �)&3( ExpΣ
�.) 3�( *(3 .�

#3.3,1; ¯øùÄ¯ÉÉ²Ç¶É �2&13 20 �&3� Σ ,%+ V &% 3�( 2*2,1 �,�5 ,%+ �( +&*3&%�2&*�3�( *2�*(3 CTermΣ
.� #3.3,1; 8.%*3)283.) 3()/* .) #3.3,1; ØÌ·¯ÄÓÉ5 ��&8� .%1�

/,�( 2*( .� DCΣ
*�/�.1* ,%+ ',)&,�1(* �)./ V : ��( *2�&%+(¦ Σ �&11 2*2,11�

�( ./&33(+: -�3()/* )(0)(*(%3 %.3 �2)3�() )(+28&�1( +,3, ',12(*:



â"=�� úä ¨21(* �.) � ¡¢�0).',�&1&3�

#«�; «.33./
e→ ⊥

&� e = f(e1, . . . , en)

#4û; 4.%.3.%&8&3� e1 → e′1, ..., en → e′n
h(e1, ..., en)→ h(e′1, ..., e

′
n)

h ∈ CSn ∪ FSn

#̈ �; ¨(å(¦&'&3�
e→ e

&� e &* �).2%+

#̈ ; �2%83&.% )(+283&.%
l→ r

&� l→ r ∈ [P ]⊥

#�¨; �),%*&3&'&3� e→ e′ e′ → e′′

e→ e′′

ª( (¦3(%+ 3�( *&�%,32)(Σ �&3� , %(� 8.%*3,%3 ⊥ )(0)(*(%3&%� 3�( 2%+(�%(+',12(: ��( (¦3(%+(+ *&�%,32)( &* +(%.3(+ �� Σ⊥
: Exp⊥

,%+ CTerm⊥
+(%.3(

)(*0(83&'(1� 3�( *(3* .� #0,)3&,1; (¦0)(**&.%* ,%+ 3�( *(3 .� #0,)3&,1; 8�3()/*:¬,)3&,1 8�3()/* )(0)(*(%3 3�( )(*213 .� 0,)3&,11� (',12,3(+ (¦0)(**&.%*º 3�2*5 3�(�8,% �( *((% ,* ,00).¦&/,3&.%* 3. 3�( ',12( .� (¦0)(**&.%*:
Ã* 2*2,1 %.3,3&.% �( �&11 �)&3( X,Y,Z, ...

�.) ',)&,�1(*5 c, d �.) 8.%*3)283.)*�/�.1*5 f, g
�.) �2%83&.%*5 e

�.) (¦0)(**&.%* ,%+ s, t
�.) 8�3()/*: ¥% ,11 8,*(*5

0)&/(* #ü; ,%+ *2�&%+&8(* 8,% �( 2*(+: ª( �&11 2*( 3�( *(3* .� *2�*3&323&.%*
CSubst = {θ : V → CTerm} ,%+ CSubst⊥ = {θ : V → CTerm⊥}

: ª( +(%.3(
�� eθ

3�( )(*213 .� ,001�&%� θ
3. e:¥% 3�&* 0,0() , � ¡¢ÌùÄÇýÄ´Ó P &* , �%&3( *(3 .� )(�)&3( )21(* .� 3�( �.)/

f(t1, ..., tn) → e ��()( f ∈ FSn 5 (t1, ..., tn) &* , 1&%(,) 3201( #(,8� ',)&,�1( &% &3.882)* .%1� .%8(; .� 8�3()/*5 ,%+ e &* ,% (¦0)(**&.%: û.3&8( 3�,3 e /,� 8.%3,&%',)&,�1(* %.3 .882))&%� &% f(t1, ..., tn):�)./ , �&'(% 0).�),/P 5 3�( 0)..� 8,18212* 8.%*&+()(+ &% 3�&* �.)� �.) � ¡¢&* , *&/01&�8,3&.% .� 3�( «,*&8 ¨(�)&3( -,18212* �£.%��1(� (3 ,1: ����� ,%+ 8,%
+()&'( Ä¯Ë±Ø·²Ç¶ É·´·¯Ó¯¶·É .� 3�( �.)/ e→ e′ 5 �&3� e, e′ ∈ Exp⊥

: ��( &%3(%+(+
/(,%&%� .� *28� *3,3(/(%3 &* 3�,3 e

8,% �( )(+28(+ 3. e′ : �.) .2) 02)0.*(* .�'()&��&%� 0).0()3&(* .� � ¡¢ 0).�),/* �( ,)( .%1� &%3()(*3(+ .% )(+283&.%*
�)./ (¦0)(**&.%* 3. 0.**&�1� 0,)3&,1 8�3()/* #e→ t;:ª�(% , �2%83&.% )21( R &* ,001&(+ 3. +()&'( *3,3(/(%3*5 3�( 8,18212* 2*(* 3�(*. 8,11(+ ØÌ²¶É·´¶Ø¯É .� R5 +(�%(+ ,* [R]⊥ = {Rθ | θ ∈ CSubst⊥}

: ª( �)&3(
[P ]⊥

3. +(%.3( 3�( *(3 .� 8�&%*3,%8(* .� ,11 3�( )21(* .� , 0).�),/ P : ¬,),/(3()0,**&%� &% �2%83&.% 8,11* ,)( (¦0)(**(+ �� /(,%* .� 3�(*( 8�&%*3,%8(* &% 3�( 0)..�8,18212*:



0 + Y → Y coin→ 0

s(X) + Y → s(X + Y ) coin→ s(0)

double(X)→ X + X

þ���ñ� ãä -¨ª� *,/01( 0).�),/ Coin

�,�1( � *�.�* 3�( 0)..� 8,18212* �.) � ¡¢: ª( �)&3( P `CRWL ϕ
�.) (¦�

0)(**&%� 3�,3 3�( *3,3(/(%3 ϕ &* 0).',�1( �)./ 3�( 0).�),/P �&3� )(*0(83 3. 3�&*8,18212*: ��&* 8,18212* )(å(83* , %.%�*3)&83 *(/,%3&8*5 ,11.�&%� %.%�3()/&%,3&%�
0).�),/* 3. �( /(,%&%��21: ��( 8.%+&3&.%* &/0.*(+ &% 3�( #ÿâ; ,%+ #ô; )21(*
,%+ 3�( ,�*(%8( .� 7.&%,�&1&3� *3,3(/(%3* #��&8� ,)( 0)(*(%3 &% 3�( .)&�&%,1
-¨ª� 8,18212*; &* 72*3&�(+ &% �-1(', (3 ,1: ���¸�º ��()( , +&¹()(%3 0)..� 8,1�8212* �.) � ¡¢ &* 2*(+5 ��&8� &* 0).'(+ 3. �( (�2&',1(%3 &% 3�( �%,1 )(+283&.%
0).8(** 3. 3�( 8,18212* 8.%*&+()(+ �()( �£.%��1(� (3 ,1: �����:
Ã +&*3&%�2&*�(+ �(,32)( .� � ¡¢ #*�,)(+ �� 8.%8)(3( *�*3(/* 1&�( -2))�

.) �.�; &* 3�,3 0).�),/* 8,% �( %.%�8.%å2(%35 +(�%&%� 3�2* ¶Ç¶ÌË¯·¯ÄÓ²¶²É·²Ø×±¶Ø·²Ç¶É: Ã* , 3�0&8,1 (¦,/01(5 8.%*&+() 3�( 0).�),/ #8,11(+ Coin
�.) �232)(

)(�()(%8(*; &% �&�:�5 ��&8� ,**2/(* 3�( 8.%*3)283.)* 0 ,%+ s
�.) %,32),1 %2/��()*: û.3&8( 3�,3 ØÇ²¶ &* , %.%�+(3()/&%&*3&8 �2%83&.%5 �.) ��&8� 3�( 0)('&.2*8,18212* 8,% +()&'( 3�( *3,3(/(%3* coin → 0 ,%+ coin → s(0): ��( 2*( .� 8�&%*3,%8(* &% )21( (R) &%*3(,+ .� �(%(),1 &%*3,%8(* 8.))(*0.%+* 3. Ø´µµ ·²Ó¯ ØÆÇ²Ø¯*(/,%3&8* �.) %.%�+(3()/&%&*/ ��2**/,%% ����5 £.%��1(� (3 ,1: �����;: ¥% 3�(

(¦,/01(5 &3 &* 0.**&�1( 3. �2&1+ , � ¡¢�0)..� �.) double(coin)→ 0 ,%+ ,1*. �.)
double(coin)→ s(s(0))5 �23 %.3 �.) double(coin)→ s(0): -,11�3&/( 8�.&8( &* )(�1,3(+ 3. ÉÆ´Ä²¶ý5 , �(11 �%.�% .0(),3&.%,1 3(8�%&�2( 8.%*&+()(+ (**(%3&,1 �.) 3�(
(¹(83&'( &/01(/(%3,3&.% .� 1,�� �2%83&.%,1 1,%�2,�(* 1&�( �,*�(11: Ê¦&*3&%� ��¬
1,%�2,�(* 1&�( -2))� .) �.� ,1*. 2*( *�,)&%� ,%+ 8,11�3&/( 8�.&8( *(/,%3&8*: ��(
,�.'( +(*8)&�(+ �(�,'&.2) �.) 3�( )(+283&.% .� double(coin)

8.))(*0.%+* (¦,831�
�&3� ��,3 �,00(%* &% 3�.*( *�*3(/*: ¨2%�3&/( 8�.&8(5 ,% ,13()%,3&'( *(/,%�
3&8* �.) %.%�+(3()/&%&*/ �&3� ��&8� double(coin)

8,% �( )(+28(+ ,1*. 3. s(0) &*&%'(*3&�,3(+ �.) 3�( ��¬ *(33&%� &% �Ã%3.� �����:
�)./ 3�( 0.&%3 .� '&(� .� '()&��&%� 0).0()3&(* .� ��¬ 0).�),/*5 %.%+(3()�

/&%&*/ ,%+ 8,11�3&/( 8�.&8( *(/,%3&8* �,'( 3�( 2%01(,*,%3 8.%*(�2(%8( 3�,3
(�2,3&.%,1 )(,*.%&%� &* %.3 ',1&+ �.) -¨ª��0).�),/*: ¥% 3�( 0)('&.2* (¦,/01(5
&� 3�( )21(* �.) coin �()( 2%+()*3..+ ,* 3�( (�2,1&3&(* coin = 0 ,%+ coin = s(0)53�(% �( 8.21+ +(+28( 0 = s(0)5 ��&8� &* %.3 &%3(%+(+: -,11�3&/( 8�.&8( &/01&(*3�,3 %.3 .%1� (�2,3&.%,1 )(,*.%&%�5 �23 ,1*. .)+&%,)� )(�)&3&%� &* &%',1&+ *&%8(5
�)./ 3�( 0.&%3 .� '&(� .� )(�)&3&%�5 3�( )21( double(X)→ X+X *�.21+ �( ,001&�



8,�1( 3. ´¶È X 5 ,%+ %.3 .%1� 3. 8�3()/*: �(%8(5 �( �.21+ �,'( double(coin)→

coin+coin5 ,%+ �)./ 3�&*5 double(coin)→ s(0)5 ��&8� &* %.3 ',1&+ �&3� 8,11�3&/(8�.&8(:

îïú  ôõö �ñ��ñ"�� �� �"���
¨(�)&3&%� 1.�&8 ,%+ -¨ª� (¦�&�&3 81(,) *&/&1,)&3&(* &% 3�(&) 0)..� 8,1821&5 3�,3
,11.� 2* 3. *&/21,3( .%( 1.�&8 �&3� 3�( .3�() �¬,1./&%. �����: û('()3�(1(**5
2*&%� +&)(831� 3�( )21(* .� ¨� �( 8,%%.3 .�3,&% 3�( 8,11�3&/( 8�.&8( *(/,%3&8* �.)
%.%+(3()/&%&*/5 *&%8( ,% &/0.)3,%3 +&¹()(%8( �(3�((% �.3� 8,18212* &* 3�,3 &%
3�( -¨ª� 8,18212* 3�( �2%83&.% )(+283&.% )21( #ô; &* ,001&(+ .%1� 3. 8�&%*3,%8(*
.� 0).�),/ )21(* ��&1( 3�( ¨� ¨(01,8(/(%3 )21( &* ,001&(+ 3. ,%� ¨� 3()/: ¥%
�¬,1./&%. ����� 3�&* 0).�1(/ &* *.1'(+ �&3� 3�( 2*( .� (¦01&8&3 �2%83&.%* 3�,3
+&*3&%�2&*� 8�3()/* �)./ �(%(),1 (¦0)(**&.%*: ª( ,+.03 &% 3�&* 0,0() , +&¹()(%3
,00).,8� �� 3,�&%� /(/�()*�&0 (�2,3&.%,1 1.�&8 ,* 3�( 2%+()1�&%� 1.�&8 .� ¨�:
-.%*&+() 3�( �.11.�&%� 3),%*�.)/,3&.% /(3�.+�

�: Ê,8� -¨ª� 0).�),/ +(�%(* ,% ¨� 3�(.)� ��&8� &* �)&33(% ,* , 4,2+(
*�*3(/ /.+21(:

�: ª( +(�%( 3�)(( *.)3*5 ���	5 
à	Û ,%+ 

à	Û5 3�,3 )(0)(*(%3 3�( -¨ª�
(¦0)(**&.%* #Exp⊥

;5 0.**&�1� 0,)3&,1 8�3()/* #CTerm⊥
;5 ,%+ 3.3,1 8�3()/*#

CTerm; )(*0(83&'(1�5 �&3� 3�( *2�*.)3 )(1,3&.% 

à	Û < 
à	Û < ���	: ��(
*.)3 ���� 8,032)(* 3�( -¨ª� (¦0)(**&.%* .� 3�( �.)/ f(e1, . . . , en) ��()(
ei ∈ Exp⊥

,%+ f ∈ FSn ,%+ &3 &* +(81,)(+ ,* , *2�*.)3 .� ���	: ��( *.)3 &*
2*(+ 3. ,'.&+ 3�( ,001&8,3&.% .� 3�( -¨ª� ÿâ )21( .% 8�3()/*:

�: ª( )(0)(*(%3 3�( 2%+(�%(+ ',12( ⊥ .� -¨ª� ,* , 8.%*3,%3 ÎÒÒÎÛ .� *.)3
à	Û: ��( ÿâ )21( .� -¨ª� +(�%(* , )21( 	Ï �Ï� � � ����� �� ÎÒÒÎÛ:
¸: Ê'()� c ∈ DC0 &* +(81,)(+ ,* , 8.%*3,%3 .� *.)3 

à	Û5 Î� Ú � �� 

à	Û �
®: Ê'()� c ∈ DCn �&3� n > 0 +(�%(* ,% .0(),3&.%�

Î� Ú � ���	 ��� ���	 �� ���	 �
¤: �.) ('()� c ∈ DCn �&3� n > 0 �( +(�%( 3�( �.11.�&%� /(/�()*�&0 )(1,3&.%*�Ú����

à	Û ������á �

à	Û��

à	Û

Ú����
à	Û ������á �
à	Û��
à	Û
�: Ê'()� f ∈ FSn �&3� n ≥ 0 +(�%(* ,% .0(),3&.%�

Î� Ü � ���	 ��� ���	 �� ���� �
�: Ê'()� -¨ª� 0).�),/ )21( l(X̄) → r(X̄)5 ��()( X̄ )(0)(*(%3* ,11 3�( ',)&�
,�1(* .882))&%� �.3� &% l ,%+ r 5 +(�%(* , )(�)&3( )21(� l(X̄) ⇒ r(X̄) ��()(�.) ,11 i5 Xi

&* .� *.)3 
à	Û:



�.) (¦,/01(5 3�( -¨ª� 0).�),/ .� �&�2)( � &* 3),%*�.)/(+ &%3. 3�( �.11.�&%�
4,2+( *�*3(/ /.+21(�
ÛÎÝ ���Ð ÞÙ
ÙÎ	ÒÙ 

à	Û 
à	Û ���	 �
Ù�ÙÎ	Ò 

à	Û Õ 
à	Û Õ ���	 �
ÙÎ	Ò ���� �
Ù�ÙÎ	Ò ���� Õ ���	 �
Î� � � �� 

à	Û �
Î� Ù � ���	 �� ���	 �
Î� ÚÎÞá � �� ���� �
Î�  ! � ���	 ���	 �� ���� �
Î� ÝÎ�Ïà � ���	 �� ���� �
Î� ÎÒÒÎÛ � 
à	Û �

Û Ù�� �

à	Û� � 

à	Û �
Û Ù�� �
à	Û� � 
à	Û �
	Ï �ÎÒ� � � ����� �� ÎÒÒÎÛ �
	Ï �ÚÎÞá�� � ÚÎÞá �� � �
	Ï �ÚÎÞá�� � ÚÎÞá �� Ù��� �
	Ï �Ù�Û�� � � ! � �
à	Û �� � �
à	Û �
	Ï �Ù�Û�� � Ù�� �
à	Û� ! " �
à	Û �� Ù�� �
à	Û ! " �
à	Û� �
	Ï �ÝÎ� � ÝÎ�Ïà�� �
à	Û� �� � �
à	Û ! � �
à	Û �

àáÝÛ
��( �.11.�&%� 1(//, *�.�* 3�( )(1,3&.% �(3�((% 3�( -¨ª� (¦0)(**&.%* ,%+

3�( *.)3 .� 3�( ,**.8&,3( 4,2+( 3()/* .� 3�( 3),%*�.)/(+ 0).�),/
ö���" ãï ¢¯· t, e ÷¯ ýÄÇ±¶Ë � ¡¢ ¯øùÄ¯ÉÉ²Ç¶É ´¶Ë ·Æ¯ Ä¯µ´·¯Ë# $´±Ë¯ ·¯ÄÓÉ
t, e ²¶ ·Æ¯ ·Ä´¶É×ÇÄÓ´·²Ç¶ ùÄÇØ¯ÉÉ% ¡̄ Æ´³¯ ·Æ¯ ×ÇµµÇÅ²¶ý ¯°±²³´µ¯¶Ø¯É&
'% t ∈ CTerm⊥ ⇔ t : 
à	Û
(% t ∈ CTerm ⇔ t : 

à	Û
)% e ∈ Exp⊥ ⇔ t : ���	
*% e = f(e1, . . . , en)⇔ e :

���� ×ÇÄ ´¶È
f ∈ FSn ´¶Ë ei ∈ Exp⊥

%
+ÄÇÇ× % �: (⇒)

ª( 0).8((+ �� &%+283&.% .'() t ∈ CTerm⊥
: ¥� t = ⊥

�� 3�(
3),%*�.)/,3&.% )21( #�; �( .�3,&% t : 
à	Û: ¥� t = c

�.) *./( c ∈ CS 0 5 �� #̧ ;
1 HI eURR XLI NTI LO[I MO[I WPK mdHa NIK[L OM_ NTIUK NKOMLWPK[I_ cOX_I NIK[LeTIM NTIKI UL MP O[hUZXUNg LUMSI LgMNOSNUSORRg hPNT NIK[L OKI U_IMNUSOR IiSIJN WPKNTI

⊥



,%+ 3�( *2�*.)3 +(81,),3&.% #�; 

à	Û Õ 
à	Û �( .�3,&% t : 
à	Û: �.) 3�(&%+283&'( 8,*( �( 8.%*&+() c ∈ DCn ,%+ ti : Cterm⊥

3�(% t = c(t1, . . . , tn):«� &%+283&.% ��0.3�(*&* ti : CTerm⊥ ⇒ ti : 
à	Û ,%+ ,001�&%� *3(0 #¤; .�3�( 3),%*�.)/,3&.% 0).8(** �( .�3,&% t : 
à	Û:
(⇐)

ª( 0).8((+ �� &%+283&.% .'() t ∈ 
à	Û: ª( +&*3&%�2&*� 3�)(( 0.**&��1( 8,*(*: ¥� t =
ÎÒÒÎÛ : 
à	Û5 &3 *�.21+ �,'( �((% .�3,&%(+ 3�).2�� *3(0#�; *. &3 )(0)(*(%3* 3�( 2%+(�%(+ ',12( ⊥ .� -¨ª� ,%+ ⊥ ∈ CTerm⊥

: ¥�
t = c(e1, . . . , en) : 
à	Û ,%+ c ∈ DCn &3 *�.21+ �,'( �((% .�3,&%(+ 3�).2��
*3(0* #̧ ; .) #®; +(0(%+&%� ��(3�() n = 0 .) n > 05 �.) 3�( �)*3 8,*( �( .�3,&%
c ∈ CTerm⊥

: �.) 3�( *(8.%+ 8,*(5 &� n > 0 t : 
à	Û 8,% .%1� �( .�3,&%(+ ��3�( /(/�()*�&0 .� *3(0 #¤;5 3�()(�.)( �.) ('()� i5 ei ∈

à	Û ,%+ �� &%+283&.%

��0.3�(*&* ei ∈ Cterm⊥
: û.� ,001�&%� 3�( +(�%&3&.% .� CTerm⊥

�( .�3,&%
t ∈ CTerm⊥

: ��( �%,1 8,*(5 t = f(e1, . . . , en) ��()( f ∈ FSn 5 &* &/0.**&��1( ,* 3�()( ,)( %. /(/�()*�&0 ,¦&./* 3. )(*3)&83 3�( *.)3 3. *28� (¦0)(**&.%:

��¸: ��( )(*3 .� 3�( 8,*(* 8,% �( 0).'(+ &% 3�( *,/( �,�: ut

��( /,&% )(*213 .� 3�&* *(83&.% )(1,3(* 3�( )(+283&.%* .�3,&%(+ 2*&%� 3�(
-¨ª� 8,18212* ,%+ 3�( )(+283&.%* �.) 3�( ¨� 3),%*�.)/(+ 0).�),/: ��( (�2&'�
,1(%8( .� �.3� 0).�),/* &* �,*(+ .% 3�( )(*3)&83&.% .� 3�( ,001&8,3&.% .� 3�( ¨�
)21(* 3. 0,)3&,1 8�3()/* &% 3�( 3),%*�.)/,3&.% /(3�.+:
>ñ�����?��� úï ¢¯· P ÷¯ ´ � ¡¢ ùÄÇýÄ´Ó ´¶Ë P̂

·Æ¯ $´±Ë¯ ·Ä´¶É×ÇÄÓ¯Ë ùÄÇÌ
ýÄ´Ó% ,ÇÄ ´¶È ýÄÇ±¶Ë ¯øùÄ¯ÉÉ²Ç¶É e ´¶Ë e′ Å¯ Æ´³¯&

P `CRWL e→ e′ ⇔ P̂ `RL e→ e′

+ÄÇÇ× % �⇒� Ã**2/( P `CRWL e → e′ : ª( 0).8((+ �� &%+283&.% .% 3�( )21(* .�3�( -¨ª� 8,18212*:
�: 6200.*( 3�,3 e → e′ &* .�3,&%(+ �� ,001�&%� 3�( ÿâ )21( .� -¨ª�5 3�(%

e &* .� 3�( �.)/ f(e1, . . . , en): ��()(�.)( f ∈ FSn �&3� n > 0 ,%+ �� 3�(3),%*�.)/,3&.% *3(0 #�; �( .�3,&% ,% ¨� 3()/ f(e1, . . . , en) .� *.)3 ����:
P̂ `RL e → e′ &* .�3,&%(+ �� ,001�&%� 3�( ¨� ¨(01,8(/(%3 )21( �&3� 3�()(�)&3( )21( ÎÒ +(�%(+ &% *3(0 #�; .� 3�( 3),%*�.)/,3&.% /(3�.+:

�: ¥� e → e′ &* .�3,&%(+ �� ,001�&%� 3�( �- )21( .� -¨ª�: ��(% e =

h(e1, . . . en) ��()( h ∈ DC r ∪ FSn 5 ,%+ �� &%+283&.% ��0.3�(*&*5 P̂ `RL

ei → e′i
�.) i = 1 . . . n: ��()(�.)(5 P̂ `RL e → e′ &* +()&'(+ �&3� 3�( ¨�-.%�)2(%8( )21(:

�: 6200.*( 3�,3 e → e′ &* .�3,&%(+ �� ,001�&%� 3�( ôþ )21( .� -¨ª�: ��(%
e′ &* *�%3,83&8,11� (�2,1 3. e ,%+ P̂ `RL e → e′ &* +()&'(+ �&3� 3�( ¨�¨(å(¦&'&3� )21(:



¸: 6200.*( 3�,3 e → e′ &* .�3,&%(+ �� ,001�&%� 3�( âô )21( .� -¨ª�: ��(%53�()( &* ,% (¦0)(**&.% e′′ *28� 3�,3 P `CRWL e→ e′′ ,%+ P `CRWL e′′ → e′ :«� &%+283&.% ��0.3�(*&* P̂ `RL e → e′′ ,%+ P̂ `RL e′′ → e′ : ��()(�.)(5
P̂ `RL e→ e′ &* +()&'(+ �&3� 3�( ¨� �),%*&3&'&3� )21(:

®: ¥� e → e′ &* .�3,&%(+ �� ,001�&%� 3�( ô )21( .� -¨ª�5 3�(% e → e′ &* ,8�&%*3,%8( .� , -¨ª� 0).�),/ )21( l→ r : �(3 θ = w̄/x̄
�( 3�( *2�*3&323&.%

2*(+ 3. .�3,&% 3�( 8�&%*3,%8( .� 3�( )21(: «� 1(//, � (,8� -¨ª� 8�3()/
wi
&* 3),%*�.)/(+ &%3. ,% ¨� 3()/ wi

.� *.)3 

à	Û5 �( 8,% ,001� 3�( ¨�
)(01,8(/(%3 )21( 3. 3�( )(�)&3( )21( .�3,&%(+ �)./ l→ r

�� 3�( 3),%*�.)/,�
3&.% *3(0 #�; �&3� 3�( *2�*3&323&.% w̄/x̄: û.3&8( 3�,3 �� 3�( ¨� ¨(å(¦&'&3�)21( �( ,1�,�* �,'( [wi]→ [wi]

:

�⇐� Ã**2/( P̂ `RL e→ e′ : ª( 0).8((+ �� &%+283&.% .% 3�( )21(* .� 3�( ¨�8,18212*:

�: ¥� e → e′ &* .�3,&%(+ �� ,001�&%� 3�( ¨� ¨(å(¦&'&3� )21( 3�(% ,* &% 3�(3),%*�.)/(+ 0).�),/ P̂
3�()( ,)( %. (�2,3&.%,1 )21(*5 e′ &* *�%3,83&8,11�(�2,1 3. e ,%+ P `CRWL e→ e′ &* +()&'(+ �&3� 3�( ôþ -¨ª� )21(:

�: 6200.*( 3�,3 e→ e′ &* .�3,&%(+ �� ,001�&%� 3�( ¨� -.%�)2(%8( )21(: ��(%5
e = h(e1, . . . en) ,%+ �� &%+283&.% ��0.3�(*&* P `CRWL ei → e′i

�.) ,%�
i ∈ 1 . . . n: ��()(�.)(5 P `CRWL e→ e′ &* +()&'(+ �&3� 3�( �- -¨ª� )21(:

�: 6200.*( 3�,3 e→ e′ &* .�3,&%(+ �� ,001�&%� 3�( ¨� �),%*&3&'&3� )21(: ��(%53�()( &* ,% (¦0)(**&.% e′′ *28� 3�,3 P̂ `RL e → e′′ ,%+ P̂ `RL e′′ → e′ ,%+�� &%+283&.% ��0.3�(*&* P `CRWL e→ e′′ ,%+ P `CRWL e′′ → e′ : ��()(�.)(5
P `CRWL e→ e′ &* +()&'(+ �&3� 3�( âô -¨ª� )21(:

¸: ¥� e→ e′ &* .�3,&%(+ �� ,001�&%� 3�( ¨� ¨(01,8(/(%3 )21( .� +(+283&.% �(+&*3&%�2&*� 3�. 8,*(*�
� ¥� 3�( ¨� ¨(01,8(/(%3 )21( &* ,001&(+ �&3� 3�( ÎÒ )(�)&3( )21(5 �( �,'(
e→ ⊥ �&3� e .� *.)3 ����: 6&%8( 3�( 3),%*�.)/,3&.% /(3�.+ +.(* .%1� +(�%(.0(),3.)* .� *.)3 ���� �)./ -¨ª� �2%83&.%* f ∈ FSn �( �,'( 3�,3 e &* .�3�( �.)/ f(e1, . . . , en): ��(% P `CRWL e → t

8,% �( +()&'(+ 2*&%� 3�( ÿâ
-¨ª� +(+283&.% )21(:
� 6200.*( 3�( ¨� ¨(01,8(/(%3 )21( &* ,001&(+ �&3� , )21( +&¹()(%3 �)./
ÎÒ: ��&* )(�)&3( )21( /2*3 �,'( �((% .�3,&%(+ �)./ 3�( -¨ª� 0).�),/ ��
*3(0 #�; .� 3�( 3),%*�.)/,3&.% 0).8(**º 3�(%5 ',)&,�1(* 8,% .%1� �,'( �((%
&%*3,%3&,3(+ �� 3()/* wi

.� *.)3 
à	Û:
û.�5 �� 1(//, � 3()/* .� *.)3 
à	Û ,)( ,1�,�* .�3,&%(+ �)./ -¨ª� 3()/*5
,%+ �( 8,% +()&'( �� &%+283&.% ��0.3�(*&* P `CRWL wi → w′

i
5 �.) i ∈ 1 . . . n



��(%5 �( ,001� 3�( ô -¨ª� +(+283&.% )21( ,%+ +()&'( P `CRWL t(w̄/x̄)→

t′(w̄/x̄):
�&%,11�5 �� 3�( )(0(,3(+ ,001&8,3&.% .� 3�( �- -¨ª� +(+283&.% )21(5 �(
8,% +()&'( P `CRWL t(w̄/x̄)→ t′(w̄′/x̄):

ut

. çèé�½êê��¿ Á/ê��Á�� é��é½���½ê �0 ë¼ìÀ é��¿�Áíê

¥% 3�&* *(83&.% �( �&'( 3�( 1.�&8,1 �),/(�.)� &% ��&8� 0).0()3&(* .� 3�( �2%83&.%,1�
1.�&8 *�*3(/ �&11 �( *0(8&�(+ ,%+ 0).'(+:

1ïã þ�ñ�"� ���ó�2ó"?��� �ò �ñ���ñ?���
ª( ,)( &%3()(*3(+ &% (¦0)(**&%� 0).0()3&(* .� ,11 0.**&�1( 3()/* )(,8�,�1( �)./
,% &%&3&,1 (¦0)(**&.%: �.) (¦,/01(5 �( /,� �,%3 3. 0).'( , 0).0()3� ,�.23 3�(
�Ç²¶ 0).�),/5 +(�%(+ &% �6(83&.% �:��5 *3,3&%� 3�,3 �)./ ËÇ±÷µ¯345 �( 8,% .%1�
.�3,&% ,% ('(% %2/�():
�&)*35 �( %((+ 3. +(�%( 3�( *2�7(83* �( �&11 3,1� ,�.23 &% 3�( 0).0()3&(*5

1&�(5 �.) (¦,/01(5 3�,3 , %,32),1 %2/�() &* ¯³¯¶: ª( 2*( .0(),3&.%*5 8,11(+ Ç÷Ì
É¯Ä³´·²Ç¶É5 .'() 3�( *3,3( .� 3�( *�*3(/5 3�,3 ,)( +(81,)(+ &% ,% (¦3(%*&.% .� 3�(
*�*3(/ /.+21(5 ,* &* +.%( &% �4,)3© (3 ,1: ���®�: ¥% 3�&* �,� 3�( 2*() 8,% +(8&+(
3�( /(,%* �� ��&8� �( �&11 .�*()'( 3�( *�*3(/ �&3�.23 &%3()�()&%� �&3� 3�( *�*�
3(/ *0(8&�8,3&.%: 6&%8( �( ,)( &%3()(*3(+ &% (¦0)(**&%� 0).0()3&(* .� 3),%*�.)/(+
-¨ª� 3()/* �( 3,�( .�*()',3&.%* ,* .0(),3&.%* .� 3�0( 
à	Û→ s .) 

à	Û→ s&� 3�( -¨ª� 3()/ �( �,%3 3. .�*()'( &* , 3.3,1 3()/: ��(% �( 0).'&+( 3�(&)
,1�(�),&8 *0(8&�8,3&.%: ��( +(�%&3&.% .� 3�( .�*()',3&.%* )(�2&)(* ,% (¦3(%*&.%
.� 3�( *&�%,32)( .� 3�( *�*3(/ &% .)+() 3. �,'( ,',&1,�1( 3�( .�*()',3&.%* ,%+
0()�,0* *./( *.)3* ,%+ ,2¦&1&,)� .0(),3&.%* 3�,3 ,)( )(1,3(+ 3. 3�( .�*()',3&.%*
�23 ,)( %.3 0,)3 .� 3�( .)&�&%,1 0).�),/: ª( +(%.3( �� (Σ+, E+)

3�( (¦3(%+(+
*&�%,32)(:
�.) (¦,/01(5 3�( 0)('&.2* .�*()',3&.% ,�.23 ('(% %2/�()* �&11 �( ,% .0�

(),3&.% .� 3�0( even : 

à	Û → Bool
: ��( (¦3(%+(+ *&�%,32)( &%812+(* 3�(

.�*()',3&.%5 �23 &% 3�&* 8,*( �( +.%ü3 %((+ 3. (¦3(%+ 3�( ¨� *&�%,32)( �&3� %(�
*.)3*5 *&%8( 3�( -¨ª� .)&�&%,1 0).�),/ +.(* ,1)(,+� +(�%( 3�( 6ÇÇµ¯´¶ ³´µ±¯É:
��( 1.�&8 �( �&11 2*( 3. (¦0)(** .2) 0).0()3&(* &* �)*3 .)+() (�2,3&.%,1 1.�&8

�&3� 0)(+&8,3(* 3�,3 (¦0)(** *(�2(%8(* .� )(�)&3(*:

ϕ ::= true | t1 = t2 | s1 →
i s2 | s1 → s2 | ϕ1 ⇒ ϕ2 | ¬ϕ | ∀x : s.ϕ

��()( t1, t2 ∈ TΣ+(X)5 ,)( 3�. 3()/* .� 3�( *,/( *.)3 .'() 3�( (¦3(%+(+ *&�%,�32)(5 s1, s2 ∈ TΣ(X) ,)( 3�. 3()/* .� 3�( *,/( *.)3 .'() 3�( .)&�&%,1 *&�%,32)(5
7→i 7 )(0)(*(%3* , 8.11(83&.% .� �&%,)� .0(),3.)*5 .%( �.) (,8� 0.**&�1( i ∈ ¥û5



,%+ s &* 3�( *.)3 
à	Û .) 3�( *.)3 

à	Û: �.) (¦,/01( 3�( 0)('&.2* 0).0()3�,�.23 3�( �Ç²¶ 0).�),/ �.21+ �( (¦0)(**(+ ,*

∀T, T ′ : 

à	Û.(double(T )→ T ′ ⇒ even(T ′))

ª( �&11 /,�( 2*( .� 3�( 2*2,1 +()&'(+ 0).0.*&3&.%,1 8.%%(83&'(* �.) 8.%72%8�
3&.% #∧;5 +&*72%83&.% #∨;5 ,%+ 1.�&8,1 (�2&',1(%8( #≡;: ��( (¦&*3(%3&,1 �2,%3&�()&* ,1*. +(�%(+ &% 3()/* .� 3�( 2%&'()*,1 �2,%3&�() ,* 2*2,1: �)(( ',)&,�1(* ,)(
8.%*&+()(+ 2%&'()*,11� �2,%3&�(+5 3�,3 &*5 .2) 0).0()3&(* ,)( (¦0)(**(+ ,* 81.*(+
�.)/21,(:

1ïú ����� ���"�?�ó�
��( /.+(1* �( 2*( 3. &%3()0)(3 .2) �.)/21,( ,)( 3�( 3),%*&3&.% *�*3(/* +(�%(+
�� 3�( 4,2+( (¦3(%+(+ )(�)&3( 3�(.)&(* .�3,&%(+ �)./ 3�( -¨ª� 0).�),/*:

8 ��( *(3 .� *3,3(* &* 3�( *(3 TΣ,Expr
.� �).2%+ 3()/* .� *.)3 ���	:

8 ��( �,/&1� .� *3,3( 3),%*&3&.%* &* �&'(% �� 3�( Ç¶¯ÌÉ· ù̄ É¯°±¯¶·²´µ Ä¯ÅÄ²·¯É
.� 3�( )(�)&3( 3�(.)�: £&'(% , )(�)&3( 3�(.)� R = (Σ,E,L,R)5 , (Σ,E)�*(�2(%3 [t] → [t′] &* 8,11(+ , Ç¶¯ÌÉ· ù̄ É¯°±¯¶·²´µ Ä¯ÅÄ²·¯ �4(*(�2() ����� &¹&3 8,% �( +()&'(+ �)./ R �� �%&3( ,001&8,3&.% .� 3�( )21(* �9� .� ¨� �*((6(83&.% ��5 �&3� (¦,831� .%( ,001&8,3&.% .� )21( �:
ª( �,'( 3. 0).'&+( ,% &%3()0)(3,3&.% I ��&8� &* , �,/&1� .� IObs

�TΣ,E,Term →

TΣ+,E+,s

�.) 3�( .�*()',3&.%* .� 3�( *�*3(/: Ê,8� &%3()0)(3,3&.% .� I &* +(�%(+,¦&./,3&8,11� 3�).2�� *(3* .� (�2,3&.%* .'() 3�( (¦3(%+(+ *&�%,32)( Σ+ :
��( *,3&*�,83&.% )(1,3&.% &* %.� +(�%(+ �.) , �&'(% 3),%*&3&.% *�*3(/5 , �&'(%

.�*()',3&.% &%3()0)(3,3&.% ,%+ , �&'(% &%&3&,1 *3,3(:
��( 3()/ 1,%�2,�( &* &%3()0)(3(+ &% TΣ+,E+

,* �.11.�*�

8 [[obs(t)]]I = IObs(t)
5 ��()( t &* .� *.)3 
à	Û5

8 [[f(t1, . . . , tm)]]I = f([[t1]]
I , . . . , [[tm]]I)5�.) (,8� .0(),3&.% f : s1 . . . sm → s &% Σ+ :

6,3&*�,83&.% .� �.)/21,( �.) , �&'(% 3),%*&3&.% *�*3(/ K 5 .�*()',3&.% &%3()�0)(3,3&.% I ,%+ &%&3&,1 *3,3( e0
&*

8 K, I, e0 |=
·Ä±¯5

8 K, I, e0 |= t1 = t2
&¹ [[t1]]

I = [[t2]]
I 5

8 K, I, e0 |= s0 →
1 s1

&¹ [s0] = [e0]
,%+ [s0]→ [s1] ∈ K

5
8 K, I, e0 |= s0 →

n sn
&¹ 3�()( ,)( s1, . . . sn−1 ∈ TΣ

,%+ K, I, e0 |= s0 →
1 s1,%+ K, I, si |= si →

1 si+i
�.) i = 1 . . . n− 15



8 K, I, e0 |= s0 → sn
&¹ 3�()( &* *./( i ∈ ¥û+ *28� 3�,3 K, I, e0 |= s0 →

i sn

8 K, I, e0 |= ¬ϕ &¹ &3 &* %.3 3�( 8,*( 3�,3 K, I, e0 |= ϕ5

8 K, I, e0 |= ϕ1 ⇒ ϕ2
&¹ K, I, e0 |= ϕ1

&/01&(* K, I, e0 |= ϕ2
5

8 K, I, e0 |= ∀x : s.ϕ &¹ �.) ,11 *2�*3&323&.%* x← t′ �( �,'(K, I, e0 |= ϕ[x← t′]

��()( t1, t2 ∈ TΣ+,E+
,%+ s0, . . . , sn ∈ TΣ

:
û.3&8( 3�,3 K, I, s0 |= s0 →

i si →
j sn

&¹ K, I, s0 |= s0 →
i si

,%+ K, I, si |=

si →
j snÃ �.)/21, &* ',1&+ &% 3�( &%&3&,1 /.+(1 .� 3�( (¦3(%+(+ *&�%,32)( &� 3�( &%&3&,1

/.+(1 *,3&*�(* 3�( �.)/21, �.) ,%� &%&3&,1 *3,3(:

1ïî :;"����� �ò "=�?ñ"ó? �ñ���ñ?���

��( �),/(�.)� 0)(*(%3(+ &% 3�&* *(83&.% ,11.�* 2* 3. *0(8&�� ,%+ 0)..� 0).0()3&(*
,�.23 *(/,%3&8 �(,32)(* .� , 0).�),/: �.) 3�,3 02)0.*( �( 8.%*&+() 3�( ,00).¦&�
/,3&.% )(1,3&.% .� 0,)3&,1 8�3()/* 0)(*(%3(+ &% -¨ª� �£.%��1(� (3 ,1: �����: ��(
,00).¦&/,3&.% )(1,3&.% &* +(�%(+ ,* 3�( 1(,*3 0,)3&,1 .)+()&%� .'() CTerm⊥

*,3�
&*��&%��⊥ v t

�.) ('()� t ∈ CTerm⊥
5 ,%+ �.) ('()� c ∈ DC ,%+ ti, t

′
i ∈ CTerm⊥

5
c(t1, . . . , tn) v c(t′1, . . . , t

′
n) &� ti v t′i

: ��&* +(�%&3&.% 8,% �( *0(8&�(+ ,* ,% .��
*()',3&.% .� 3�( *�*3(/ ,%+ 3�2* (�2,3&.%,11�: ��()(�.)(5 *./( 0).0()3&(* .� 3�(
.)&�&%,1 0).�),/ 8,% �( *3,3(+�
8 ª( 8,% *0(8&�� 3�,3 , �2%83&.% &* +(3()/&%&*3&8 �� 3�( �.)/21,�

∀X T T ′ : Term.f(X)→ T ∧f(X)→ T ′ ⇒ ∃ T ′′ : Term . T v T ′′∧T ′ v T ′′

8 Ã �2%83&.% &* *3)&83 &� &3 *,3&*�(* 3�( �.)/21,�

∀ T : Term . f(⊥)→ T ⇒ T = ⊥

8 Ã%+ �%,11� �( 8,% *�.� 3�,3 , �2%83&.% &* 3.3,11� +(�%(+ 0).'&%� 3�( �.)�
/21,�

∀X : TTerm . ∀T : Term . f(X)→ T ⇒ ∃T ′ : TTerm.T v T ′ ∧ f(X)→ T ′

< ~������=½ í½�>��ê 0�� é��=��¿ é��é½���½ê

ª( 8,% +&*3&%�2&*� �(3�((% 3�. 3�0(* .� 0).0()3&(*5 3�.*( 3�,3 ,)( �)&33(% 2*&%�
.%1� 3�( �)*3�.)+() (�2,3&.%,1 0,)3 .� 3�( 1.�&8 ,%+ 3�.*( 3�,3 ,)( �)&33(% 2*&%�
*(%3(%8(* .� )(�)&3&%� 1.�&8: ��( �)*3 3�0( .� 0).0()3&(* /,� �( 0).'(+ �&3�
4,2+(ü* ¥%+283&'( ��(.)(/ ¬).'() #¥�¬; �-1,'(1 �����5 3�,3 0).'(* 3�(.)(/*



.'() &%+283&'( /.+(1* .� �2%83&.%,1 4,2+( /.+21(*: ��( ¥�¬ &/01(/(%3* ,%
*3)2832),1 &%+283&.% 0).'&%� /(3�.+ �,*(+ .% 3�( *3)2832)( .� 3�( *�*3(/:
ª( 0).0.*( 2*&%� &%+283&.% .% 3�( 1(%�3� .� 3�( 8./023,3&.% �.) 0).'&%� 3�(

*(8.%+ 3�0( .� 0).0()3&(*: ��( &%+283&'( 0)..� /(3�.+ &* ,* �.11.�*� 3. 0).'( 3�,3
3�( 0).0()3� (t → t′) ⇒ ϕ &* ',1&+ &% 3�( (¦3(%+(+ &%&3&,1 /.+(1 &3 &* *2?8&(%33. *�.��
8 (t→1 t′)⇒ ϕ &* ',1&+ �.) ,11 0.**&�1( .%(�*3(0 *(�2(%3&,1 )(�)&3(*:
8 Ã**2/&%� (t→k t′)⇒ ϕ

�.) k ≤ n ,%+ n ≥ 1 &* ',1&+5 &3 /2*3 �( *�.�% 3�,3
(t→n+1 t′)⇒ ϕ &* ',1&+ �.) ,11 0.**&�1( n + 1�*3(0 *(�2(%3&,1 )(�)&3(*:
��( 8.))(83%(** .� 3�( &%+283&'( /(3�.+ &* .�3,&%(+ �)./ 3�( *(/,%3&8* .�

3�( →i 8.%%(83&'(*:
ª( &112*3),3( 3�( ,001&8,3&.% .� 3�(*( &+(,* .% 3�( �.11.�&%� (¦,/01(*:

@ïã :;"����ä :!�� ���=�ñ�
Ã -¨ª� 0).�),/ 3. .�3,&% ,%� ('(% %2/�() &* 3�( �.11.�&%��

aneven → 0

aneven → s(s(aneven))

ª( 8.21+ �( &%3()(*3(+ &% 0).'&%� , 0).0()3� *3,3&%� 3�,3 ('()� 0.**&�1( 3.3,1 )(�
+283&.% .� ´¶¯³¯¶ 0).+28(* ,% ('(% %2/�(): �&)*3 �( .�3,&% 3�( 4,2+( 0).�),/
�.11.�&%� 3�( 3),%*�.)/,3&.% 0).8(** .� �6(83&.% �:���
ÛÎÝ �A�Ð�ÐBCÍ�DE ÞÙ
ÙÎ	ÒÙ ���	 
à	Û 

à	Û �
Ù�ÙÎ	Ò 

à	Û Õ 
à	Û Õ ���	 �
ÙÎ	Ò ���� �
Ù�ÙÎ	Ò ���� Õ ���	 �

Î� � � �� 

à	Û �
Î� ÑáàFàá � �� ���� �
Î� Ù � ���	 �� ���	 �
Î� ÎÒÒÎÛ � �� 
à	Û �

Û Ù�� �

à	Û� � 

à	Û �
Û Ù�� �
à	Û� � 
à	Û �

	Ï �ÎÒ� � � ����� �� ÎÒÒÎÛ �
	Ï �ÞáÞÒ� � ÑáàFàá �� � �
	Ï �áà�Ò� � ÑáàFàá �� Ù Ù ÑáàFàá �

àáÝÛ



ª( %((+ 3. .�*()'( &� , %,32),1 %2/�() &* ('(% 3. 0).'( .2) 0).0()3�:
GHI JKJLMLNOPJQRMSPRJQKJT UV
WXHYZ[YU\] JKJLMLNOPJQR ^
HW Z_Z\ ` aaZXG Mb PHHc ^
Zd Z_Z\ efg h YXiZ ^
Zd Z_Z\ eV fg h jkcVZ ^
Zd Z_Z\ eV V a àaZXGg h Z_Z\ ea àaZXGg ^

Z\IG
��( 0).0()3� &* �.)/,1&�(+ ,* �.11.�*�

∀T : 

à	Û.((ÑáàFàá→ T )⇒ (àFàá(T ) =
Ò	�à))

�.) 0).'&%� 3�( 0).0()3� �( %((+ 3�( �.11.�&%� 1(//, ,�.23 3�( 0)(*()',3&.%
.� 8.%*3)283.)* .% 3�( )(�)&3( 0).8(**�
ö���" îï l²³¯¶ ´ $´±Ë¯ ùÄÇýÄ´Ó P̂ Ç÷·´²¶¯Ë ×ÄÇÓ ´ � ¡¢ ùÄÇýÄ´Ó P m ´¶¯øùÄ¯ÉÉ²Ç¶ e ∈ ���	 ´¶Ë ´ ×±¶Ø·²Ç¶ ÉÈÓ÷Çµ c Ç÷·´²¶¯Ë ×ÄÇÓ ´ � ¡¢ ¯øùÄ¯ÉÉ²Ç¶
e ´¶Ë ´ � ¡¢ ØÇ¶É·Ä±Ø·ÇÄ ÉÈÓ÷Çµ c ∈ DC m Å¯ Æ´³¯&

∀n : no. ∀e′ : ���	. (c(e)→n e′ ⇒ ∃e′′ : ���	.(e→n e′′ ∧ e′ = c(e′′)))

+ÄÇÇ× % #6�(38� .� 3�( 0)..�; ��( 0)..� &* +.%( �� &%+283&.% .'() 3�( 1(%�3� .� 3�(
8./023,3&.%: ��( )(*213 2*(* 3�( �,83 3�,3 *&%8( 3�( 4,2+( 0).�),/ &* .�3,&%(+
�)./ , -¨ª� 0).�),/5 3�( )(�)&3( 0).8(** 8,%%.3 ,¹(83 8.%*3)283.)* *�/�.1*
�(8,2*( 3�( 0).�),/ +.(* %.3 0).'&+( ,%� )(�)&3( )21( �.) *28� *�/�.1*:
û.�5 �( 0).'( 3�( 0).0()3� �� &%+283&.% .% 3�( 1(%�3� .� 3�( 8./023,3&.%�

8 «,*( 8,*(� ∀T : 

à	Û.((ÑáàFàá→1 T )⇒ (àFàá(T ) =
Ò	�à)):

ª( 8,% ,001� 3�( )(�)&3( )21(* .� 3�( 0).�),/ )(1,3(+ �&3� 3�( �2%83&.%
ÑáàFàá: ª( �,'( 3�)(( )(�)&3( )21(* &% 3�( *�*3(/:
�: ¥� �( ,001� 3�( )21( ÎÒ �( .�3,&% , *3,3( T =

ÎÒÒÎÛ ,%+ 3�(% 3�(
0).0()3� &* 3)2( �(8,2*( �( �,'( )(,8�(+ ,% (¦0)(**&.% 3�,3 &* %.3 .� 3�(
)(�2&)(+ *.)3:

�: ¥� �( ,001� )21( ÞáÞÒ �( .�3,&% , *3,3( T = � ,%+ &3 8,% �( 0).'(+ �&3�
3�( ¥�¬ 3..1 3�,3 àFàá���=

Ò	�à:
�: ¥� �( ,001� )21( áà�Ò �( .�3,&% , *3,3( Ù Ù ÑáàFàá /∈ 

à	Û:

8 ¥%+283&'( 8,*( #n > 1;� Ã* �(�.)(5 �( �,'( 3�)(( 0.**&�1( )(�)&3( )21(* &%3�( *�*3(/� ÎÒ5 ÞáÞÒ ,%+ áà�Ò ��&8� 8,% 8.%*3&323( , .%(�*3(0 *(�2(%3&,1
)(�)&3(: ª( �&11 *�.� ��,3 �,00(%* ��(% 3�(*( )21(* ,)( ,001&(+ 3. 3�(
&%&3&,1 *3,3( ÑáàFàá ,%+ 3�(% 3�( &%+283&'( ��0.3�(*&* &* ,001&(+ �.) 3�( )(*3
.� 3�( 8./023,3&.%:



�: ¥� �( ,001� 3�( )21( ÎÒ 3�(% �( �,'( ÑáàFàá →1 ÎÒÒÎÛ ,%+ 3�(%
�)./ ÎÒÒÎÛ �( 8,%%.3 ,001� /.)( )(�)&3( )21(*5 3�()(�.)( 3�()( &* %.3
, n + 1�*(�2(%3&,1 )(�)&3(:

�: ¥� �( ,001� )21( ÞáÞÒ 3�(% �( .�3,&% ÑáàFàá →1 � ,%+ ,3 3�&* 0.&%3
3�()( &* %. )(�)&3( )21( 3. �( ,001&(+: Ã* &% 3�( 0)('&.2* 8,*( 3�()( &*
%.3 , n + 1�*(�2(%3&,1 )(�)&3(:

�: ¥� �( ,001� )21( áà�Ò5 �( �,'( 3. 0).'(�
∀T : 

à	Û.((ÑáàFàá→1 Ù Ù ÑáàFàá→n T )⇒ (àFàá(T ) =

Ò	�à)):
��()(�.)( �� 1(//, �5 T = Ù Ù T ′

�.) *./( T ′ *28� 3�,3 ÑáàFàá→n T ′ :
ª( ,001� 3�( &%+283&.% ��0.3�(*&* ,%+ �( .�3,&% àFàá(T ′) ,%+ 3�()(�.)(,* T = Ù Ù (T ′) ,001�&%� 3�( )21(* .� 3�( .�*()',3&.% 0,)3 �( .�3,&%àFàá(T ):

@ïú :;"����ä ö��?� �ò �"?�ñ"��

û.�5 �( 3),%*1,3( 3�( �.11.�&%� -¨ª� *0(8&�8,3&.% .� 1&*3* .� %,32),1*

insert(X,nil) → X : nil

insert(X,Y : Xs)→ X : (Y : Xs)

insert(X,Y : Xs)→ Y : insert(X,Xs)

permute(nil) → nil

permute(X : Xs) → insert(X, permute(Xs))

&%3. , 4,2+( /.+21(�
GHI LpaMqrRa UV
VHXYV aaZXG aZXG JsWX ^
VitVHXY aaZXG u aZXG u JsWX ^
VHXY vpWW ^
VitVHXY vpWW u JsWX ^
HW tHYYHG ` Mb aZXG ^
HW f ` Mb aaZXG ^
HW V ` JsWX Mb JsWX ^
HW \Uc ` Mb aaZXG ^
HW w ẁ ` JsWX JsWX Mb JsWX ^
HW WZXGiYZ ` JsWX Mb vpWW ^
HW U\VZXY ` JsWX JsWX Mb vpWW ^
Gt eV ex àaZXGgg ` aaZXG ^
Gt eV ex àZXGgg ` aZXG ^
Gt eex àaZXGg ` exV àaZXGgg ` aaZXG ^
Gt eex àZXGg ` exV àZXGgg ` aZXG ^



Xc ytHYz ` x v̀pWW hb tHYYHG ^
Xc yU\VZXY{z ` U\VZXYex àZXG | \Ucg hb x àZXG ` \Uc ^
Xc yU\VZXY}z ` U\VZXYex àZXG | ~ àZXG ` xV àZXGghb x àZXG ` e~ àZXG ` xV àZXGg ^
Xc yU\VZXY�z ` U\VZXYex àZXG | ~ àZXG ` xV àZXGghb ~ àZXG ` U\VZXYex àZXG | xV àZXGg ^
Xc yWZXGiYZ{z ` WZXGiYZe\Ucg hb \Uc ^
Xc yWZXGiYZ}z ` WZXGiYZex àZXG ` xV àZXGghb U\VZXYex àZXG | WZXGiYZexV àZXGgg ^

Z\IG
ª( +(�%( ,% .�*()',3&.% Ó¯Ó÷¯Ä5 3�,3 *,�* &� , �&'(% %,32),1 %2/�() �(1.%�*

3. , 1&*3: §�*()'( 3�,3 3�( .�*()',3&.%5 1&�( &% 3�( 0)('&.2* (¦,/01(5 &* .%1�
+(�%(+ .% 3�( 

à	Û *.)3:
GHI LpaMqrRaMSPRJQKJT UV
WXHYZ[YU\] LpaMqrRa ^
HW GZGtZX ` aaZXG aaZXG Mb PHHc ^
_kXV x ~ ` aaZXG ^
_kX xV ` aaZXG ^
Zd GZGtZXex| \Ucg h jkcVZ ^
Zd GZGtZXex| x ` xVg h YXiZ ^
[Zd GZGtZXex| ~ ` xVg h GZGtZXex| xVg Uj x h�h ~ ^

Z\IG
��( 0).0()3� �( �,%3 3. 0).'( &*�

∀X : TTerm ∀L L′ : TTerm.

(permute(L)→ L′ ⇒ (member(X,L) = true ⇒ member(X,L′) = true))

�.) 0).'&%� 3�( 0).0()3�5 �( %((+ 3�( �.11.�&%� ,2¦&1&,)� 1(//,�
ö���" 1ï ,ÇÄ ´µµ x, t : TTerm ´¶Ë T, T ′ : TTerm Å¯ Æ´³¯&
'% insert(t, T )→ T ′ ⇒ member(t, T ′) %
(% insert(t, T )→ T ′ ⇒ (member(x, T ) = true ⇒ member(x, T ′) = true) %
+ÄÇÇ× % #¬)..� *�(38�;
�: ª( 0).8((+ �� &%+283&.% .% 3�( 1(%�3� .� 3�( 8./023,3&.%5 +&*3&%�2&*�&%�
8,*(* �(3�((% 3�( )(�)&3( )21(* ,001&(+ ,3 3�( .%( *3(0 *(�2(%3&,1 )(�)&3&%�:
��( .�3,&%(+ 8,*(* ,)( 0).'(+ *3),&��3�.)�,)+ �� 0,33()% /,38�&%� �&3� 3�(
0).�),/ )21(* ÎÒ5 ÞáÙà	Ò�5 ÞáÙà	Ò� ,%+ ÞáÙà	Ò� ,%+ (�2,3&.%,1 )(,*.%&%�
�.) 3�( .�*()',3&.%*:



�: ª( ,1*. 0).8((+ �� &%+283&.% .% 3�( 1(%�3� .� 3�( 8./023,3&.%5 ,%+ 1&�( 3�(
,�.'( 8,*(5 3�( 0)..� &* .�3,&%(+ *3),&��3�.)�,)+: ut

û.�5 3. 0).'( 3�( 0).0()3�5 �( ,1*. 0).8((+ �� &%+283&.% .% 3�( 1(%�3� .�
3�( 8./023,3&.%*:

�: «,*( 8,*(:

∀X : Nat ∀L L′ : Term.(permute(L)→1 L′(member(X,L) = true ⇒

member(X,L′) = true))

��( )(�)&3( 3�(.)� +(�%(* ® )(�)&3( )21(*5 �23 .%1� 3�. .� 3�(/ 8,% �(
,001&(+ &% , *3,3( permute(L): û.3&8( 3�,3 *&%8( L &* .� *.)3 Term 5 &3 8,%%.3�( .� 3�( �.)/ ÞáÙà	Ò����Ù� .) �à	Û�Òà��Ù�: ��( 3�. 0.**&�1( )(�)&3(
)21(* ,)( ,001&(+ ´· ·Æ¯ ·Çù5 3�,3 &*5 3�( ØÇ¶ýÄ±¯¶Ø¯ )21( .� 3�( 1.�&8 &* %.3
%(8(**,)�:   �̄¯ø²³²·È 8,% ,1�,�* �( ,001&(+ &% , .%(�*3(0 *(�2(%3&,1 )(�)&3(5�23 &3 +.(* %.3 ,¹(83 3�( )(*213 .� 3�( (¦(823&.%5 permute(L) →1 L′ : ��(
Ä ù̄µ´Ø¯Ó¯¶· )21( .� 3�( 1.�&8 �&'(* ),&*( 3. 3�( �.11.�&%� 3�. 8,*(*�
#,; &� �( 8,% ,001� 3�( )21(

	Ï ��à	Û�Òà�� � �à	Û�Òà�áÞÏ� �� áÞÏ
3. 3�( *3,3( ù¯ÄÓ±·¯3¢5 &* �(8,2*( L = áÞÏ:
��(%5 *&%8( member(x,nil) = false

3�( 0).0()3� &* �21�11(+ �(8,2*( &3*
0)(/&*( &* �,1*(:

#�; &� �( 8,% ,001� 3�( )21(
	Ï ��à	Û�Òà�� � �à	Û�Òà�� � �Ù� �� ÞáÙà	Ò��� �à	Û�Òà��Ù��
�( .�3,&% 3�( *3,3( ÞáÙà	Ò��� �à	Û�Òà��Ù����&8� &* %.3 .� *.)3 Term,* &3 &* )(�2&)(+ �� 3�( 1(�3��,%+ *&+( .� 3�( 0).0()3�:

�: �.) 3�( &%+283&'( 8,*(5 ,**2/(

∀X :Nat , L L′ :Term.(member(X,L)∧permute(L)→n L′ ⇒ member(X,L′))

,%+ 0).'(

∀X :Nat , L L′ :Term.(member(X,L)∧permute(L)→n+1 L′⇒member(X,L′))

ª( �&11 ,001� 3�( &%+283&.% ��0.3�(*&* &% 3�( 1,*3 0,)3 .� 3�( 8./023,3&.%5
3�,3 &*5 �( �&11 (¦01.)( 3�( 8./023,3&.%*

permute(L)→1 T →n L′



�&�( &% 3�( �,*( 8,*(5 �( 8,% .%1� ,001� 3�( *�*3(/ )(�)&3( )21(* &% 3�( 3.05
�(%8( ØÇ¶ýÄ±¯¶Ø¯ &* %.3 ,001&(+: �(3ü* *(( ��,3 �,00(%* ��(% Ä ù̄µ´Ø¯Ó¯¶·
&* ,001&(+ 3. 3�( 3�. 0.**&�1( *�*3(/ )(�)&3( )21(*:
#,; ª�(% �( ,001� 3�( *�*3(/ )(�)&3( )21(

	Ï ��à	Û�Òà�� � �à	Û�Òà�áÞÏ� �� áÞÏ
3. 3�( *3,3( ù¯ÄÓ±·¯3¢5 �( .�3,&% 3�( *3,3( ¶²µ: 6&%8( 3�()( &* %. 0.**&�1(
.%(�*3(0 *(�2(%3&,1 )(�)&3( +(�%(+ �.) 3�&* *3,3(5 �( ,)( &% 3�( �,*( 8,*(:

#�; �(3* %.� 8.%*&+() 3�( *(8.%+ *�*3(/ )(�)&3( )21(
	Ï ��à	Û�Òà�� � �à	Û�Òà�� � �Ù� �� ÞáÙà	Ò��� �à	Û�Òà��Ù�� :
ª�(% 3�&* )21( &* ,001&(+ �( .�3,&% 3�( *3,3( ÞáÙà	Ò�Ï� �à	Û�Òà����5
��()( 3�( &%&3&,1 1&*3 &* .� 3�( �.)/ l : L: ª( 8,% %.� ,001� 3�( Ä ù̄µ´Ø¯ÌÓ¯¶· )21( .� 3�( 1.�&8 .%1� 3. 3�( *2�3()/� �à	Û�Òà���: ,%+ �( .�3,&%
,% (¦(823&.% .� 3�( �.)/

permute(l : L)→1 insert(l, permute(L))→m insert(l, L′)→n−m L′′

�&3� m < n5 *&%8( 3�( )21(* ÞáÙà	Ò�5 ÞáÙà	Ò� ,%+ ÞáÙà	Ò� 8,% .%1� �(,001&(+ .'() 3()/* .� *.)3 
à	Û: ��(%5 �� &%+283&.% ��0.3�(*&*�
∀X : Nat .(member(X,L)⇒ member(X,L′)):

û.�5 �� �(//, �#�; �( �,'(�
∀X : Nat .(member(X,L′)⇒ member(X,L′′)):

Ã%+ �� �(//, �#,; �( �,'( member(l, L′′):
6&%8( member(x, l : L) ≡ x == l ∨member(x,L) �( �,'( 3�( )(*213:

@ïî ô���"?��� ������?�
Ã* , �%,1 (¦,/01( �( 8.%*&+() , �2%83&.% �2&1+&%� 1&*3* �.)/(+ �� 3�( )(0(3&3&.%
.� .%( (1(/(%3: ��( -¨ª� 0).�),/ &* 3�( �.11.�&%��

repX → X : rep(X)

��( *(/,%3&8* .� 8,11�3&/( 8�.&8( 0).+28(* 3�,3 3�( 0.**&�1( )(+283&.%* �)./
	à��ÚÎÞá� *�.21+ �( ��������.) �������� ,%+ &3 &* &/0.**&�1( 3. .�3,&% ,%�
.3�() )(+283&.% 8.%3,&%&%� �ü* ,%+ �ü* ,3 3�( *,/( 3&/(: §%( 0).0()3� 3. �(
0).'(+ 8.21+ �( 3�( �.11.�&%�� §%1� 8(). &* , /(/�() .� 3�( 1&*3 .�3,&%(+ �)./
	à����: �. 0).'( *28� 0).0()3� �( 0).8((+ ,* &% 3�( �.)/() 8,*(* 8.%*&+()&%�
3�( 3),%*1,3&.% .� 3�( -¨ª� 0).�),/ &%3. , 4,2+( /.+21(:



GHI qrRaMQJ� UV
VHXYV aaZXG aZXG JsWX ^
VitVHXY aaZXG u aZXG u JsWX ^
VHXY vpWW ^
VitVHXY vpWW u JsWX ^
HW tHYYHG ` Mb aZXG ^
HW f ` Mb aaZXG ^
HW V ` JsWX Mb JsWX ^
HW \Uc ` Mb aaZXG ^
HW w ẁ ` JsWX JsWX Mb JsWX ^
HW XZW ` JsWX Mb vpWW ^
Gt eVex àaZXGgg ` aaZXG ^
Gt eVex àZXGgg ` aZXG ^
Gt eex àaZXGg ` exV àaZXGgg ` aaZXG ^
Gt eex àZXGg ` exV àZXGgg ` aZXG ^
Xc ytHYz ` x v̀pWW hb tHYYHG ^
Xc yXZWZkYz ` XZW ex àZXGg hb x àZXG ` XZW ex àZXGg ^

Z\IG
ª( +(�%( 3�( Ó¯Ó÷¯Ä .�*()',3&.% �.) 3�( 44̄ ÄÓ *.)3:

GHI qrRaMQJ�MSPRJQKJT UV
WXHYZ[YU\] qrRaMQJ� ^
HW GZGtZX ` aaZXG aZXG Mb PHHc ^
_kXV x ~ ` aaZXG ^
_kX xV ` aZXG ^
Zd GZGtZXex| tHYYHGg h jkcVZ ^
Zd GZGtZXex| \Ucg h jkcVZ ^
Zd GZGtZXex| x ` xVg h YXiZ ^
[Zd GZGtZXex| ~ ` xVg h GZGtZXex| xVg Uj x h�h ~ ^

Z\IG
ª( �,%3 3. 0).'( 3�( �.11.�&%� 0).0()3��

∀N : TTerm L : Term . (rep(0)→ L⇒ (Ó¯Ó÷¯Ä3om¢5⇒ (N == 0)))

ª( 0).'( &3 �� &%+283&.% .% 3�( 1(%�3� .� 3�( 8./023,3&.%

�: «,*( 8,*(�

∀N : TTerm L : Term . (rep(0)→1 L⇒ (Ó¯Ó÷¯Ä3om¢5⇒ (N == 0))):

ª( �,'( 3�. )(�)&3( )21(* &% 3�( *�*3(/:
#,; ¥� �( ,001� 3�( ÎÒ )21( �( �,'( rep(0) →1 ÎÒÒÎÛ ,%+ 3�()(�.)( 3�(

0).0()3� &* 3)&'&,11� 3)2(:



#�; ¥� �( ,001� 	à�àÑÒ �( .�3,&% 3�( *3,3( � � 	à����5 *&%8( &3 &* %.3 .�
*.)3 4̄ ÄÓ 3�( 0).0()3� &* �21�11(+:

�: ¥%+283&'( 8,*(� �.) 3�( &%+283&'( *3(0 �( ,**2/( 3�,3 ∀N : TTerm L :

Term . (rep(0) →n L ⇒ (Ó¯Ó÷¯Ä3om¢5 ⇒ (N == 0))): ,%+ �( �,'( 3.0).'( 3�,3 ∀N : TTerm L : Term . (rep(0) →n+1 L ⇒ Ó¯Ó÷¯Ä3om¢5 ⇒
(N == 0)):
8 ª( 8,% ,001� 3�( 3�. 0).�),/ )21(*:
• ¥� 3�( ÎÒ )21( &* ,001&(+5 �( .�3,&% rep(0)→1 bottom ,%+ �( ,)( &%
3�( �,*( 8,*(:

• ¥� �( ,001� 3�( 	à�àÑÒ )21(5 �( .�3,&% rep(0) →1 0 : rep(0 ): �)./3�&* (¦0)(**&.% �( 8,% .%1� )(�)&3( 3�( Ä ù̄ 3�5 3()/ ,%+ �( �(3
rep(0) →n L′ : ª( ,)( .%1� &%3()(*3(+ &% 3�( *3,3(* *28� 3�,3 L′

&* .� *.)3 4̄ ÄÓ5 *&%8( &% .3�() 8,*( 3�( 0).0()3� &* 3)2(: «� &%+28�
3&.% ��0.3�(*&*5 �( �,'( member(N,L′) ⇒ (N == 0): ��()(�.)(5
rep(0)→1 0 : rep(0)→n 0 : L′

ª( %((+ 3. 0).'( member(N, 0 : L′) ⇒ (N == 0)5 �23 *&%8(
member(N, 0 : L′) ≡ N == 0 ∨ member(N,L′) �( 8,% +()&'( 3�()(*213:

@ï1 ô��ñ����?��� ������?�"� ñ��ñ�?�� �� 2ñ�? �ñ��ñ ���"?���"� ����ó

¥% *./( 8,*(*5 3�( )(0)(*(%3,3&.% .� *(�2(%3&,1 )(�)&3(* &% �)*3 .)+() (�2,3&.%,1
1.�&8 &* 0.**&�1( ,%+ &3 ,11.�* 3�( 2*( .� (¦&*3&%� 3�(.)(/ 0).'()* 3. 0)..� 3�(
0).0()3&(*:
��( 0).8(** 3. .�3,&% 3�( )(0)(*(%3,3&.% &* 3�( �.11.�&%�� �)*3 �( +(�%( 3�(

*.)3 �ÎÛ� )(0)(*(%3&%� *(�2(%3&,1 )(�)&3(* ,* , 1&*3 .� 3�( *3,3(* .� 3�( *�*3(/ &%
3�( )(�)&3&%� 0).8(**: ª( 2*( 3�. .0(),3.)* 3. �(%(),3( 3�( 8./023,3&.%�

Î� B � ��� �� �ÎÛ� �
Î� �� ��� �ÎÛ� �� �ÎÛ� �

��(%5 �( &+(%3&�� .%(�*3(0 *(�2(%3&,1 )(�)&3(* �� /(,%* .� , �2%83&.% 	àÝ +(�81,)(+ ,*�
Î� 	àÝ� ��� ��� �� ÍÎÎÏ �

3�,3 /&)).)* 3�( )(�)&3( )21(* .� 3�( *�*3(/:
��( �2%83&.% ÚFÑÏÞÝ 8�(8�* &� , �&'(% 8./023,3&.% &* 0.**&�1( &% 3�( *�*3(/:

��( +(81,),3&.% &*�
Î� ÚFÑÏÞÝ� �ÎÛ� �� ÍÎÎÏ �



,%+ &3 &* *0(8&�(+ ,*�
à� ÚFÑÏÞÝ�B���� � Ò	�à �
à� ÚFÑÏÞÝ������ B����� � 	àÝ���� ��� �
Úà� ÚFÑÏÞÝ������ ����� ���� � ÚFÑÏÞÝ������ ���

ÞÜ 	àÝ���� ����Ò	�à �
Úà� ÚFÑÏÞÝ������ ����� ���� � ÜÑÏÙà ÞÜ 	àÝ���� ����ÜÑÏÙà �

3�&* �2%83&.% 2*(* 	àÝ 3. '()&�� &� 3�( .%(�*3(0 *(�2(%3&,1 )(�)&3( �� �� �� &*
',1&+ &% 3�( *�*3(/:
û.� �( 8,% (¦0)(** .2) 0).0()3&(* &% �)*3 .)+() (�2,3&.%,1 1.�&8: �.) (¦,/01(

3�( �.)/21, .� 3�( (¦,/01( &% �*(83&.% ®:�� &* *0(8&�(+ ,*�

∀P : Comp.(first(P ) = aneven ∧ tterm(last(P )) = true ∧ cvalid(P )⇒

even(last(P )))

��()( first ,%+ last ,)( �2%83&.%* 3. .�3,&% 3�( �)*3 ,%+ 1,*3 (¦0)(**&.%* �)./ ,*(�2(%3&,1 )(�)&3(5 ,%+ tterm
8�(8�* &� , �&'(% (¦0)(**&.% &* .� *.)3 

à	Û:

��&* �.,1 �,* �((% 0).'(+ �� 3�( ,23�.)* �&3� 3�( ¥�¬ 3..1 ':��� ,%+ 3�(
¥*,�(11( 3�(.)(/ 0).'() �û&0�.� (3 ,1:�����:
Ã13�.2�� 3�( 0)..�* �.11.�* 3�( *3(0* .� 3�( &%+283&'( /(3�.+ 0).0.*(+ &%

�*(83&.% ®:��5 3�( 0)..� &* 8./01&8,3(+ �� 3�( 2*( .� 3�( ,�.'( ,2¦&1&,)� �2%83&.%*:
«(*&+(*5 3�( +(�%&3&.% .� 3�( 	àÝ .0(),3&.% /,� %.3 �( ,* +&)(83 ,* &3 �.21+ �(
+(*&),�1(:

� ë�����ê���ê

��&* 0,0() 8.%3&%2(* 3�( )(*(,)8� &%&3&,3(+ �� 4: ¬,1./&%. &% �¬,1./&%. �����
.� )(1,3&%� 3�( -¨ª� 1.�&8 �&3� ¨�: �.�('()5 .2) 0).8(** �.) *&/21,3&%� -¨ª�
0).�),/* �&3� ¨� 3�(.)&(* 2*(* /(/�()*�&0 (�2,3&.%,1 1.�&8 ,* 3�( 2%+()1�&%�
1.�&8 �.) ¨� �)&%�&%� .¹ 81(,)() 4,2+( 0).�),/*:
û('()3�(1(**5 .2) /,&% �.,1 �(�&%+ *&/21,3&%� -¨ª� 0).�),/* �&3� 4,2+(

0).�),/* �,* �((% 3. *32+� 3�( �(%(�3* .� ,001�&%� 3�( '()&�8,3&.% �),/(�.)�
.� ¨� 3. 3�( %.%�3()/&%,3&%� ,%+ %.%�+(3()/&%&*3&8 -¨ª� 0).�),/*: ��( .��
3,&%(+ )(*213* ,)( (%8.2),�&%�5 &% 3�( *(%*( 3�,35 3�(� *((/ 3. �( (,*&1� ,23./�
,3&�,�1(5 *0(8&,11� 3�( 3),%*�.)/,3&.% 0).8(** �)./ -¨ª� 0).�),/* 3. 4,2+(
3�(.)&(*º ,%+ 3�( 0.**&�&1&3� .� &%3(�),3&%� 3�( 0).0.*(+ 0).'&%� /(3�.+ �&3� 3�(
¥�¬ 3..1 �.21+ &%8)(/(%3 , 1.3 3�( 0.�() .� 3�( '()&�8,3&.% 0).8(**: ��( 0,0()
&112*3),3(* 3�( 0).0.*(+ /(3�.+.1.�� .% %.%�3()/&%,3&%� ,%+ %.%�+(3()/&%&*3&8
(¦,/01(*5 3,�&%� &%3. ,88.2%3 3�( 1,�&%(** .� 3�( �2%83&.%*:
§% 3�( .3�() �,%+5 3�( 2*( .� .�*()',3&.%* .% 3�( 0).0()3&(* ,11.�* 3�( 2*()

3. +(8&+( 3�( /(,%* �� ��&8� �( �&11 .�*()'( 3�( *�*3(/ �&3�.23 &%3()�()&%� �&3�
3�( *�*3(/ *0(8&�8,3&.%5 ,%+ �,8&1&3,3(* 3�( '()&�8,3&.% .� 3�( 0).0()3&(*:



ª( �,'( &% /&%+ 3. &/01(/(%3 3�( 3),%*�.)/,3&.% 0).8(** ,%+ 3�( &%+283&'(
/(3�.+5 &% *28� , �,� 3�,3 3�( 2*( .� ¨� �&11 �( 3),%*0,)(%3 �.) 3�( 2*():
�2)3�()/.)( �( �&11 (¦01.)( %(� /(3�.+* �.) ,23./,3&�( 3�( �&'(% &%+283&'(
0).'&%� /(3�.+ &% , /.)( +&)(83 �,�:ª( ,)( ,1*. 0).'&%� .3�() �&%+ .� 0).0()3&(*
3. *32+� 3�( 0.3(%3&,1 .� 3�( 0).0.*(+ &%+283&'( /(3�.+ ,%+ 3. 8./0,)( &3 �&3�
.3�() ,00).,8�(* 3. 3�( '()&�8,3&.% .� %.%3()/&%,3&%� 0).�),/* *28� ,* 3�(
+&¹()(%3 ',)&,%3* .� 3(/0.),1 1.�&8*:
�Ø�¶ÇÅµ¯Ëý¯Ó¯¶·É%
dILIOKST LXJJPKNI_ hg NTI �JOMULT bKPoISNL c�a`{�n� l�m����Y�zz|� OM_ c�{n�l�m���yY�z���\ HI OKI QIKg ZKONIWXR NP �OKSULP cOKN� `RUINj ]KOMSULSP a�JIk ]KOZXOLOM_ cUZXIR bORP[UMP WPK ORR NTIUK SP[[IMNL NP JKIQUPXL QIKLUPML PW NTUL JOJIK OM_ NP
cOMXIR �OKS�O mROQIR WPK TUL TIRJ PM NTI XLI PW NTI �lb NPPR\

¼½0½�½��½ê
�nMNPg z���� �\ nMNPg\ ���� ¡¢ £¤¥¦§¨�¨© �¥�ª��« ¬¥«��¤¥¡¢ ®¤¯�« °¤ ��¡��¤¥ªjbKPS\ nab±²`n z���j �JKUMZIK a�m� z��³j JJ\ z|´y�j z���\�µKXMU OM_ cILIZXIK ���y� d\ µKXMU OM_ ¶\ cILIZXIKj ·¸¹¸º»¼½¾¸¿ º¸Àº½Á¸ ÁÂ¸Ãº½¸Äj�mnab ���yj a�m� ��z�j JJ �Å|´�|| ���y\�mROQIR IN OR\ z���� c\ mROQIRj ]\ {XKÆMj �\ �fIKj b\ aUMSPRMj �\ cOKN�Y`RUINj ¶\ cILIZXIKj OM_ m\ lORSPNN\ Ç¡§¨  ¡¥¡¢ ÈÉ¨©ª�¤¥ ÊËÌÍÎYYW �̀�GkiIZ [̂V îUi[ ẐIij cOKST ���Ï\�mROQIR ���z� c\ mROQIR\ ÐÂ¸ ÑÐÒ ÁÃÃ¼\ �M n\ �IJP[XSIMPj ¶\ ]\ ÓXILO_Oj OM_

¶\ �ORZXIKPj I_UNPKLj aPZUSj aOMZXOZI OM_ �MWPK[ONUPM\ bKPS\ PW NTI zLN HPKfYLTPJ PM aPZUS OM_ aOMZXOZIj ÔKPMPLj ÅÅ´|�j ���z\ �gLNI[ OQOUROhRI ONÎYYW �̀�ÕÕÕ î[G ẐV�U\jH�IVUW�[ck_Zc�UYW\�mRIQO IN OR\ ���Ï� ¶\c\ mRIQOj ¶\ aIOSTj ]\¶\a�JIkY]KOZXOL\ Ö ¢¤¯�« �©¤¯©¡  �¥¯ ¡�¦
�©¤¡«× �¤ �×¨ É¨©�Ø«¡��¤¥ ¤Ù Ù¥«��¤¥¡¢¦¢¤¯�« �©¤¯©¡ ª\ bKPS\ bKUMSUJRIL OM_ bKOSYNUSI PW {ISROKONUQI bKPZKO[[UMZ Úbb{bÛ�ÏÜj nmc bKILLj JJ\ �´z�j ���Ï\��PMkÆRIk IN OR\ z��|� ¶\m\ �PMkÆRIkYcPKIMPj c\l\ ²PKNORÆY�PMkÆRIkj ]\¶\ a�JIkY]KOZXOL OM_ c\ dP_K�ZXIkYnKNORIoP\ Ö Ý¨Þ©���¥¯ ®¤¯�« Ù¤© ß¨«¢¡©¡��É¨ à©¤¯©¡ ¦ �¥¯\ bKPS\ �XKPJIOM �g[J\ PM bKPZKO[[UMZ Ú��`bÛ�|Üj �JKUMZIK a�m� z�Å³j
JJ\ zÅ|´z��j z��|\��PMkÆRIk IN OR\ z���� ¶\m\ �PMkÆRIkYcPKIMPj c\l\ ²PKNORÆY�PMkÆRIkj ]\¶\ a�JIkY]KOZXOL OM_ c\ dP_K�ZXIkYnKNORIoP\ Ö¥ Ö��©¤¡«× �¤ ß¨«¢¡©¡��É¨ à©¤¯©¡  �¥¯á¡ª¨§ ¤¥ ¡ Ý¨Þ©���¥¯ ®¤¯�«\ ¶PXKMOR PW aPZUS bKPZKO[[UMZ Ï�ÚzÜj JJ\ Ï�´³�jz���\�²OMXL ���y� c\ ²OMXL ÚI_\Üj °©©âã ¡¥ ä¥�¨¯©¡�¨§ ¬¥«��¤¥¡¢ ®¤¯�« ®¡¥¯¡¯¨j vIKYLUPM �\³j nJKUR zÅj ���y\ ÎYYW �̀�ÕÕÕMU} Û\jHXGkYUå î\UMåUZc ÎZ�

∼
[iXXæ�\�²XLL[OMM z���� ²\ ²XLL[OMM\ £¤¥§¨�¨© �¥�ª��« Ö¢¯¨ç©¡�« è�¨«�Ø«¡��¤¥ª ¡¥§ £¤¥¦«¤¥é¨¥� ê̈ ©  Ý¨Þ©���¥¯\ ¶PXKMOR PW aPZUS bKPZKO[[UMZ z�j JJ\ �y�´�ÅÅj z���\�a�JIk OM_ �ÆMSTIk z���� ]\¶\a�JIkY]KOZXOL OM_ ¶\ �ÆMSTIkY²IKYMÆM_Ik\ T OY ã ÖÇ¢���¡©¡§�¯  ß¨«¢¡©¡��É¨ èâª�¨ \ bKPS\ dlnÛ��j �JKUMZIK a�m� z|yzj JJ �ÏÏ´�Ï�j z���\�cILIZXIK z���� ¶\ cILIZXIKj mPM_UNUPMOR KIeKUNUMZ RPZUS OL O XMUVI_ [P_IR PW SPMSXKYKIMSgj ÐÂ¸Ãº¸Á½ë»¼ ìÃíîïÁ¸º ðë½¸¹ë¸ �|j z���j JOZIL �y´zÅÅ\�cILIZXIK z��y� ¶\ cILIZXIKj Ö ¢¤¯�«¡¢ �×¨¤©â ¤Ù «¤¥«©©¨¥� ¤çñ ¨«�ª ¡¥§ ��ª ©¨¡¢�ò¡��¤¥�¥ �×¨ Ç¡§¨ ¢¡¥¯¡¯¨j UMó �\ nZTOj b\ HIZMIKj OM_ n\ôPMIkOeO ÚI_L\Üj õ¸Ä¸»ºëÂö½º¸ëÁ½Ã¹Ä ½¹ ìÃ¹ëïºº¸¹Á ÷øù ¸ëÁú÷º½¸¹Á¸¿ ÒºÃûº»íí½¹ûj lTI c�l bKILLj z��yj

JOZIL yzÏ´y��\



�cOKN� OM_ cILIZXIK z���� �\ cOKN�Y`RUIN OM_ ¶\ cILIZXIK\ Ö«��¤¥ ¡¥§ «×¡¥¯¨ �¥
Ý¨Þ©���¥¯ ®¤¯�«\ �M {gMO[US HPKR_Ló ]KP[ NTI WKO[I JKPhRI[ NP fMePRI_ZI [OMYOZI[IMNj d\ bOKILSTU OM_ µ\ ]KPTüWIK ÚI_L\Üj nJJRUI_ aPZUS �IKUILj vPR\ z�j JJ\
z´Åyj ÔRXeIK nSO_I[US bXhRULTIKLj z���\�cOKN� IN OR\ ���Å� �\ cOKN�Y`RUINj �\ bUNOj ¶\a\ ]UO_IUKPj ¶\ cILIZXIK OM_ l\ cOUhOX[\Ö É¨©�Ø«¡��¤¥ ®¤¯�« Ù¤© Ý¨Þ©���¥¯ ®¤¯�«\ ýÃïº¹»¼ Ãþ ÿÃû½ë »¹¿ ìÃíîïÁ»Á½Ã¹\ vPR\
zÅóy j JJ\ yz�´yÅ�j ¶XMI ���Å\��UJfPe IN OR\����� l\ �UJfPej a\m\ bOXRLPMj c\ HIMkIR\ ÑÄ»ø¸¼¼ �̧�÷ÿ � � ÒºÃÃþ
�ÄÄ½ÄÁ»¹Á þÃº �½û¸ºú÷º¿¸º ÿÃû½ë\ �JKUMZIK a�m� ��³yj ����\�bORP[UMP ���y� c\ bORP[UMP\ °¤ �¡©�¥¯ Ç¨ª¨¯¨© �ª Ý¨¦Þ©���¥¯ ®¤¯�« Þ��× �×¨ ®¤¯�«°Ý�®\ �MNIKMONUPMOR HPKfLTPJ PM ]XMSNUPMOR OM_ ÚmPMLNKOUMNÜ aPZUS bKPZKO[Y[UMZ ÚH]ab ���zÜ\ �IRISNI_ bOJIKL\ �RLIQUIK ��lm� ||j ���z\�dP_K�ZXIk ���z� c\ dP_K�ZXIkYnKNORIoP\ ¬¥«��¤¥¡¢ ¡¥§ °¤¥ª�©¡�¥� ®¤¯�« à©¤¯©¡ ¦ �¥¯\ UM ²\ mP[PMj m\ cOKST� OM_ d\ lKIUMIM ÚI_L\Üj °¤¥ª�©¡�¥�ª �¥ °¤ ��¡¦
��¤¥¡¢ ®¤¯�«ª� ê×¨¤©â ¡¥§ Ö��¢�«¡��¤¥ªj dIQULI_ aISNXKIL PW NTI �MNIKMONUPMOR �X[Y[IK �STPPR mmaÛ��j �JKUMZIK a�m� ����j mTOJNIK Åj JJ\ ���´���j ���z\


