2
Abstract Reduction Systems

This chapter is concerned with the abstract treatment of reduction, where
ceduction is synonymous with the traversal of some directed graph, the
stepwise execution of some computation, the gradual transformation of some
object (e.g. a term), or any similar step by step activity. Mathematically
this means we are simply talking about binary relations. An abstract
reduction system is a pair (A, —), where the reduction — is a binary
relation on the set A, i.e. - C A x A. Instead of (a,b) € — we write a — b.

The term “reduction” has been chosen because in many applications some-
thing decreases with each reduction step, but cannot decrease forever. Yet
this need not be the case, as witnessed by the reduction 0 — 1 — 2 — .-

Unless noted otherwise, all our discussions take place in the context of
some arbitrary but fixed abstract reduction system (A4, —).

2.1 Equivalence and reduction

We can view reduction in two ways: the first is as a directed computation,
which, starting from some point ag, tries to reach a normal form by following
the reduction ay — a; — ---. This corresponds to the idea of program
evalnation. Or we may consider — merely as a description of & where
a <= b means that there is a path between a and b where the arrows can be
traversed in both directions, for example, as in ap «— a; — a < a3. This
corresponds to the idea of identities which can be used in both directions.
The key question here is to decide if two elements a and b are equivalent,
ie.if a & b holds. Settling this question by an undirected search along both

+ and « is bound to be expensive. Wouldn't it be nice if we could decide
equivalence by reducing both a and b to their normal forms and testing if
the normal forms are identical? As explained in the first chapter, this idea
s only going to work if reduction terminates and normal forms are unique.
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8 2 Abstract Reduction Systems

Formally, we talk about termination and confluence of reduction, and the
study of these two notions is one of the central themes of this book.

2.1.1 Basic definitions

In the sequel, we define a great many symbols, not all of which will be put
to immediate use. Therefore you may treat these definitions as a table of
relevant notions which can be consulted when necessary.

Given two relations R C A x B and S C B x C, their composition is
defined by

RoS:={(z,2) e AxC|3yeB. (m,y)eR/\(y,z)ES}

Definition 2.1.1 We are particularly interested in composing a reduction
with itself and define the following notions:

% = {(z,2) |z € A} identity

o e (¢ + 1)-fold composition,i > (

£ = Uiso 4 transitive closure

S5 o= Jul reflexive transitive closure

S = sud reflexive closure

3= {(y,x) |z — ¢y} inverse

— = 3 inverse

o mm o e symmetric closure

&= () transitive symmetric closure

&= ()" reflexive transitive symmetric closure

Some remarks are in order:

1. Notations like % and « only work for arrow-like symbols. In the case
of arbitrary relations R C A x A we write R*, R ete.
2. Some of the constructions can also be expressed nicely in terms of paths:

% y if there is a path of length n from z to 1,
z =y if there is some finite path from z to y,
x5 y if there is some finite nonempty path from z to y.

3. The word closure has a precise meaning: the P closure of R is the least
set with property P which contains B. For example, 5, the reflexive
transitive closure of —, is the least reflexive and transitive relation which
contains —. Note that for arbitrary P and R, the P closure of R need
not exist, but in the above cases they always do because reflexivity,
transitivity and symmetry are closed under arbitrary intersections. In
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such cases the P closure of R can be defined directly as the intersection 4
of all sets with property P which contain R.
* . . . . . i
4. It is easy to show that — is the least equivalence relation containing —. h

Let us add some terminology to this notation:

r is reducible iff there is a y such that + — Y.
2 is in normal form (irreducible) iff it is not reducible.

O

y is a normal form of r iff + > y and y is in normal form. If r has a
uniquely determined normal form. the latter is denoted by .

1. yis a direct successor of = iff 1 — y.

5. y is a successor of 1 iff » - Y

6. « and y are joinable iff there is a = such that z 5 2 & ¥, in which case i
we write = | g, I

Example 2.1.2

L Let A= N—{0.1} and — := { (m,n) {m>nand n divides m}. Then }
(a) m is in normal formn iff m is prime. 1
(b) pis a normal form of m iff P is a prime factor of m.
(¢) m | niff m and n are not relatively prime.

(d) = = — because > and “divides” are already transitive.
(e) <& = Ax A
2. Let A := {a,b}* (the set of words over the alphabet {a.b}) and — =
{(ubar. uabv) [u, v € A}. Then
(a) w is in normal form iff w is sorted. i.e. of the form a*b*.
(bj Every w has a unique normal form w|, the result of sorting w.
(€) wy | wy iff wy < wy ff wy and ws contain the same number of gs
and bs. i

Finally we come to some of the central notions of this book.

Definition 2.1.3 A reduction — 1s called

Church-Rossert iff r <& y = x|y (see Fig. 2.1). !
confluent oy Sy = Y1l ya (see Fig. 2.1).

terminating iff there is no infinite descending chain ag — ay — ---

normalizing if every element has a normal form.

convergent iff it is both confluent and terminating,

Both reductions in Example 2.1.2 terminate. but ouly the second one is
Church-Rosser and confluent.

T Alonzo Church and J. Barkley Rosser proved that the A-calculus has this property [51].
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Fig. 2.1. Church-Rosser property, confluence and semi-confluence.

Remarks:

1. The diagrams in Fig. 2.1 have a precise meaning and are used throughout
the book in this manner: solid arrows represent universal and dashed
arrows existential quantification; the whole diagram is an implication of
the form VZ. P(Z) = 37. Q(%,7). For example, the confluence diagram
becomes Yz, y1, 4. y1 & x 5 Yo = Jz. Y >z & Yo

2. Because z | y implies z <> y, the Church-Rosser property can also be
phrased as an equivalence: x < y < z | Y.

3. Any terminating relation is normalizing, but the converse is not true, as
the example in Fig 2.2 shows.

Fig. 2.2. Confluent, normalizing and acyclic but not terminating.

Thus we have come back to our initial motivation: the Church-Rosser
property is exactly what we were looking for, namely the ability to test
equivalence by the search for a common successor. We will now see how it
relates to termination and confluence.

2.1.2 Basic results

It turns out that the Church-Rosser property and confluence coincide. The
fact that any Church-Rosser relation is confluent is almost immediate, and
the reverse implication has a beautiful diagrammatic proof which is shown
in Fig. 2.3. Tt is based on the observation that any equivalence x < y can be
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Fig. 2.3. Confluence implies the Church-Rosser property.

written as a series of peaks as in the top of the diagram. Now you can use
confluence to complete the diagram from the top to the bottom. The formal
proof below yields some additional information by involving an intermediate
property:

Definition 2.1.4 A relation — is semi-confluent (Fig. 2.1) iff
*
L= =y = oyl e

Although semi-confluence looks weaker than confluence, it turns out to be
equivalent:

Theorem 2.1.5 The following conditions are equivalent:

1. = has the Church-Rosser property.
2.~ 18 confluent.
3. — 18 semi-confluent.

Proof We show that the immplications 1 = 2 = 3 = 1 hold.

(1 = 2) If — has the Church-Rosser property and y; <~ & = y3 then y; <>
y2 and hence. by the Church-Rosser property, 1 | y2, i.e. — is confluent.

(2 = 3) Obviously any confluent relation is semi-confluent.

(3 = 1) If — is semi-confluent and = < y then we show = | 9. i.e. the
Church-Rosser property, by induction on the length of the chain z < y. If
r =y, this is trivial. If # & ¢ — ¢/ we know x | y by induction hypothesis,
ie. x5 2 &y for some suitable 2. We show | v by case distinction:

y—y': x|y follows directly from x | y.
¥ — 4+ semi-confluence implies z | 3 and hence & | y'.

The reasoning is displayed graphically in Fig. 2.4. O

i A A s S Sy
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Fig. 2.4. Semi-confluence implies the Church-Rosser property.

This theorem has some easy consequences:

Corollary 2.1.6 If — is confluent and x <> y then

1. x5y if y is in normal form, and
2. x =y if both x and y are in normal form.

Now we know that for confluent relations, two elements are equivalent iff
they are joinable. Of course the test for joinability can be difficult (and even
undecidable) if the relation does not terminate: given two elements which
are not joinable, when should you stop the search for a common successor
in case of an infinite reduction starting from one of the two elements, as in
the following example?

4 — a1 — a4z ey
bo — by — by —

It turns out that normalization suffices for determining joinability. To see
this, let us explore the relationship between termination, normalization,
confluence and the uniqueness of normal forms.

Fact 2.1.7 If — is confluent, every element has at most one normal form.

Since every element has at least one normal form if — is normalizing, it
follows that for confluent and normalizing relations every element z has
exactly one normal form which we write z|:

Lemma 2.1.8 If — is normalizing and confluent, every element has a

‘untque normal form.

Having established under what conditions the notation x| is well-defined,
we immediately obtain our main theorem:

Theorem 2.1.9 If — is confluent and normalizing thenz <>y < x| = yl.
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proof The <=-direction is trivial. Conversely. if » <=y then r] <~y and
pence 25 =yl by Corollary 2.1.6. Rl
Thus we have finally arrived at a very goal-directed equivalence test: simply
check if the normal forms of both elements are identical. Provided normal
forms are computable and identity is decidable. equivalence also becomes
decidable.

Many authors prefer to work with termination instead of normalization
and state Theorem 2.1.9 with “convergent” instead of “confluent and norma-
lizing”™. Although normalization suffices for finding normal forms, it means
that breadth-first rather than depth-first search may be required, for ex-
ample in Fig. 2.2, For this reason we will also concentrate ou termination
rather than normalization in the sequel.

Exercises
2.1 Which closure operations commute? Find a proof or counterexample:

(a) Is the reflexive closure of the transitive closure the same as the
transitive closure of the reflexive closure, i.e. are (&)™ and (=)*
the same and do they coincide with =7

(b) What about the transitive and the symmetric closure? Do («)*
and (=) U (5)7! coincide?

2.2 Show that — is confluent and normalizing iff every element has a
unique normal form.

2.3 Find a reduction — on N such that — is decidable but it is undecidable
if some n is in normal form.

2.2 Well-founded induction

This section introduces the important proof principle of well-founded in-
duction and shows that it is enjoyed by all terminating relations. As a
motivation, recall the principle of induction for natural numbers: a pro-
perty P(n) holds for all natural numbers n if we can show that P(n) holds
under the (induction) hypothesis that P(m) holds for all m < n. Why is
this proof principle sound? Because there is no infinitely descending chain
mg > my > - of natural numbers. The principle of well-founded in-
duction is a generalization of induction from (N, >) to any terminating

reduction system (A4, —). Formally, it is expressed by the following infe-
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rence rule:

VzeA (Vyed oty = P(y)) = P(x)
Vr e A P(z)

(WFT)

where P is some property of elements of A. The horizontal line is simply
another symbol for implication.

In words: to prove P(z) for all z, it suffices to prove P(z) under the
assumption that P(y) holds for all successors y of z.

It may come as a bit of a surprise to see an induction schema without
explicit base case. The solution to this puzzle is that the premise of WFI
subsumes the base case. If — is terminating, the “base case” of the induction
consists of showing that P(x) holds for all elements without successor, i.e.
all normal forms. Hence the assumption (Vy € 4. z 5 y = P(y)) is
trivially true and the premise of WFI degenerates to P (x), just as expected.

WFT is not correct for arbitrary —, but for terminating ones it is:

Theorem 2.2.1 If — terminates then WFI holds.

Proof by contraposition. Assume that WFI does not hold for —, i.e. there
is some P such that the premise of WFI holds but the conclusion does not,
L.e. =P(ag) for some ag € A. But then the premise of WFI implies that there
must exist some a; such that ag 5 a1 and —P(a;). By the same argument,
there must exist some ay such that a; X az and —P(az). Hence there is an
infinite chain ag Juré ai & as A -, 1.e. — does not terminate. O

As a first application of WFI, we can prove the converse of this theorem:

Theorem 2.2.2 If WFI holds, then — terminates.

Proof by WFI where P(z) := “there is no infinite chain starting from z”.
The induction step is simple: if there is no infinite chain starting from any
successor of x, then there is no infinite chain starting from z either. Hence
the premise of WFI holds and we can conclude that P(z) holds for all z, ie.
— terminates. 0

A few words on terminology. Terminating relations are usually called well-
founded in the mathematical literature. Hence the term “well-founded
induction”. In the computer science literature the terms Noetheriant and
Noetherian induction are sometimes used instead. Strictly speaking, a
reduction system (A, —) is well-founded if every nonempty B C A has a
minimal element, i.e. some b € B such that b — ¥ for no ¥ € B. With

t In honour of the mathematician Emmy Noether.
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the help of the Axiom of Choice it can be shown that well-foundedness and
termination are equivalent.

We will now use well-founded induction to study some further properties
of reductions which are related to termination.

Definition 2.2.3 A relation — is called

finitely branching if each element has only finitely many direct successors,
globally finite if each element has only finitely many successors,
acyclic if there is no element a such that a = a.

Note that — is globally finite iff & is finitely branching.

Lemma 2.2.4 A finitely branching relation is globally finite if it is termi-

nating.

Proof Let — be finitely branching and terminating. We use well-founded
induction to prove that for every element the set of all its successors is finite.
Since this is true for all its direct successors (by induction hypothesis), of
which there are only finitely many, it is also true for the element itself. [

It is not true that a finitely branching relation is terminating if it is glo-
bally finite. The reason is cycles. However, we have the following weaker
implication:

Lemma 2.2.5 Any acyclic relation is terminating if it is globally finite.

The combination of the last two lemmas says that a finitely branching and
acyclic relation is globally finite iff it is terminating. The special case of an
acyclic relation induced by a tree is known as Kénig’s Lemma:

A finitely branching tree is infinite iff it contains an infinite path.

Exercises

24 Show that = is terminating iff — is.

25  Show that - is a strict partial order iff — is acyclic.

2.6 A relation — is called bounded iff for each element the length of all
paths starting from it is bounded: Vz. 3n. fly. z -5 y.

(a) Is every terminating relation bounded?
(b) Show that a finitely branching relation terminates iff it is boun-
ded.

2.7 Prove Lemma 2.2.5.
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2.3 Proving termination

The importance of termination hardly needs emphasizing: it is essential not
just for programmers but also for theoreticians, as the previous sections,
in particular the connection with well-founded induction, have shown. We
will now examine a number of constructions for proving termination, a hard
(because undecidable) task, as computer scientists well know. These con-
structions are on the level of relations and are applicable to termination
proofs of programs as well as to purely mathematical questions, for example
from the realm of group theory.

In connection with termination, it frequently pays to work with transitive
relations or even partial orders. One reason is that there is a vast body
of mathematical literature on partial orders. Another is that some of our
constructions (e.g. the multiset order) are simpler for partial orders than for
arbitrary relations. Fortunately, the transition to partial orders is without
loss of generality: % terminates iff — does, in which case -5 is a strict order
(Exercises 2.4 and 2.5).

The most basic method for proving termination of some (A, —) i8 to
embed it into another abstract reduction system (B, >) which is known to
terminate. This requires a monotone mapping ¢ : A — B, where monotone
means that * — 2’ implies ©(z) > @(2'). Now — terminates because
an infinite chain zg — z1 — --- would induce an infinite chain wlxzo) >
@(x1) > ---. The mapping ¢ is often called a measure function and the
whole construction is known as the inverse image construction (because
— C o7 >) = {(z,7') | p(z) > p(z')}). Note that if ¢ is the identity, this
yields that any subset of a terminating relation is terminating.

Example 2.3.1 The most popular choice for termination proofs is an em-
bedding into (N, >), which is known to terminate. For strings, i.e. A := X*
for some set X, there are two natural choices:

1. Length. ¢ is defined by ¢(w) := |w|. This proves termination of all
length-decreasing reductions like uabbv —; uaav, where u,v € A are
arbitrary and a,b € X are fixed.

2. Letters. For each a € X define y,(w) := “the number of occurrences of
a in w”. This can cope with reductions like uav — vbu where u,v € A
are arbitrary and a,b € X, a # b, are fixed.

How about —U-3? We claim it also terminates, in which case Lemma 2.3.3
below tells us that there exists a measure function into N. Can you find one?

Many program termination proofs follow the same schema by showing that
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Example 2.3.5 Let A = NxN and define the reduction by (i, j+1) — (i, )
and (i + 1,7) — (4,7). This reduction terminates at (0,0) for every start
point. It is also finitely branching. Hence there is a measure function intc
N. In this particular case ¢(i,j) = i2+j does the job, but it takes a moment
to find this function and prove that it is monotone.

We will now discuss how to get around the above problems with measure
functions into N by building complex orders from simpler ones using fixed
constructions which preserve termination.

Exercises

2.8  Find a measure function into N which proves termination of — in
Example 2.1.2, part 2.

2.9  Find a measure function into N which proves termination of —; U9
in Example 2.3.1.

2.4 Lexicographic orders

Given two strict orders (A, >4) and (B, >pg), the lexicographic product
>axp on A x B is defined by

(z,y) >axp (2 y) & (>4 ) V=2 ANy>pY).

If A and B are obvious from the context we write > instead of > x5
Sometimes we also write >4 X > 5.
The following property is routine to prove:

Lemma 2.4.1 The lexicographic product of two strict orders is again a strici
order.

More interestingly we have

Theorem 2.4.2 The lexicographic product of two terminating relations i
again terminating.

Proof by contradiction. Assume there is an infinitely descending chair
(ag,bp) > (a1,b1) > ---. Thisimpliesap >4 a3 >4 ---. Since >4 terminates
this chain cannot contain an infinite number of strict steps a; >4 @it1
Hence there is a k such that a; = a;y; for all i > k. But this implies
b; >p b1 for all ¢ > k, which contradicts the termination of >p. r

This theorem proves termination of — on N x N in Examples 2.3.4 anc
2.3.5: (i,7) — (¢',4") is defined such that (i, 7) is lexicographically greate:
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than (i.)/). Le. — s a subset of the terminating relation >y, It also
pIaves termination of —1 U —9 in Example 2.3.1: —; decreases the length
whereas —2 leaves the length invariant but decreases the number of as.

Lexicographic products are essential in building up more complex orders
from sinipler ones. By iteration, we can form lexicographic products over
any number of strict orders (A;.>;). ¢ = 1.....n: >, ,,. where n > 1. is
the lexicographic product of >y and >3 ,. Unwinding the recursion and
writing > instead of >y, we get

(r1. oo Tn) > (W cooyn) o TR Sne (VE< ko = ) Axg >y g (2.1)

If all (4;.>;) are the same we write >'  for the n-fold lexicographic product.
The above results for the binary lexicographic product carry over to n-fold
products: > is again a strict order and it terminates if all the >; terminate.
The proofs are by induction on n.
Instead of tuples of fixed length, we can also consider strings of arbitrary

but finite length: given a strict order (A, >), the lexicographic order >or
on A* is defined as

U R
A >LL v)

w>r, v e (Jul > el)v(ul =l

where [w| is the length of w and >}:I

£

is the order on A™! defined in (2.1)
above. More concisely, we can define >; = as the lexicographic product of
Sten and Ujen >, where uw >, v 4 |u] > [v]. Since A' and A7 are
disjoint if 7 # j, the second component of this product is a union of orders
over disjoint sets. Since such unions (this is easy to see) and lexicographic
products (as shown above) preserve strict orders and termination. we have

Lemma 2.4.3 If > is a strict order. so is >} .. If > terminates, so does
*
>lcz'

Despite its name, >/ is not the order used in dictionaries. The latter does
not terminate: a >y Q6 > gier AAA > gict *

Yet another interesting variation on lexicographic orders comnpares strings
from left to right as follows: wq >, wo if ws is a proper prefix of wy or if
w1 = uav, wo = ubur and a > b, where > is the underlving strict order. For
example, if @ > b, then aaaa >1., aaa >y, abba. Unfortunately, >, need
not terninate either. even if > does (exercise!). Nevertheless. >7,, can be
a useful component in more complicated orders.

Lemma 2.4.4 If > is a strict order. so is >y.,.

The proof, a simple case analysis, is left as an exercise.
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A final word of warning about our definition of the lexicographic pro-
duct. Although we assume the component relations to be strict orders, the
definition works just as well for arbitrary relations. In fact, Theorem 2.4.2
depends on termination only. Nevertheless, the lexicographic product of two
arbitrary relations may not be what you expect. For example >y X >n
relates all (4,7) and (i, k), simply because i >y i. Hence you should not
use Xy, directly with reflexive relations. Given two partial orders >4 and
2B, their lexicographic product should be defined as the reflexive closure of
>4 Xjez >p. (Remember that the strict part of a partial order > is written
>.) Of course this can be written more succinctly, if slightly ambiguously,
as > ax p. Alternatively, we can define the lexicographic product directly for
partial orders:

(r,y) 2axp (2',y) & (@>47)V(e=2" Ay >5Y).

It is easy to show that these two definitions of 2 Ax B are equivalent and that
> AxB Is a partial order if >4 and >p are partial orders (exercise!).

Exercises

2.10  Prove Theorem 2.4.2 by well-founded induction.

2.11  Show that the following process always terminates. There is a box full
of black and white balls. Each step consists of removing an arbitrary
ball from the box. If it happens to be a black ball, one also adds an
arbitrary (but finite) number of white balls to the box.

2.12 Show that vy >}, v implies wv;w > UUW.
2.13 Show that > 44p is linear if both > 4 and >p are.
2.14 Show that >}, is linear if > is.

2.15 Why do the following two programs terminate, provided all variables
range over positive natural numbers?

while m # n do

ifm > nthenm := m—n elsen := n—m
while m # n do

ifm > nthenm :=m-n

else begin h := m; m :=n; n := h end

What if the variables range over positive rational numbers?
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Show that the evaluation of the following recursively defined function,
Show th D ) ,

e also known as Ackermann’s function, terminates for all m, n € N:
ack(Q.n) = n-+1,
ack(m +1.0) = ack(m,1).
ack(m +1.on+1) = ack(m.ack(m +1.n)).

917 Does termination of > imply termination of >;,.7

218 Prove Lemma 2.4.4.

2.19 Show that >y, is linear if > is.

20 Formalize the order used in dictionaries.

21 The lexicographic product of two quasi-orders > 4 and > p is defined
as follows:

(eoy) 2 () = a0’ Vie~q 2 Ay 2 Y.

(a) Show that = is a quasi-order if both > 4 and > g are.
(b) Show that >. the strict part of 2, terminates if > 4 and >p do.

2.5 Multiset orders
Consider the following reduction on N*: w(i+1)v — uiiv for all v, v € N* and
i€ N It turns out that — terminates, and because it is finitely branching,
there should also exist a measure function into N. If you want to spare
vourself the torture of finding that function, vou should read on.

Omne of the most powerful ways of building terminating orders is multisets.
They are usually defined as “sets with repeated elements”, which the purist
will find a contradiction in terms, but which conveys their nature quite well.
Examples are {a.a.b} and {a.b.a}. which are identical. and {a, b, b}, which
is distinet from them. Of course. we can also be more formal:

Definition 2.5.1 A multiset M over a set A is a function M : A — N,
Intuitively, M (z) is the number of copies of v € 4 in M.

A multiset M is finite if there are only finitely many = such that M (z) >
0. Let M(A) denote the set of all finite multisets over A.

Although multisets can be infinite, and much of the theory works for infinite
multisets, the bit that is crucial for us fails: termination. Therefore all our

multisets are assumed to be finite unless stated otherwise.

We use standard set notation like {a,a.b} as an abbreviation of the func-
fion {a — 2, b+~ 1, 0} over the base set A = {a,b,c}. Tt will be obvious
from the context if we refer to a set or a multiset.




22 2 Abstract Reduction Systems

Most set operations are easily generalized to multisets by replacing the
underlying Boolean operations by similar ones on N.

Definition 2.5.2 Some basic operations and relations on M(A) are:

Element : z € M & M(z)>0.
Inclusion : M C N :& Vr € A M(x) < N(z).
Union : (M UN)(z) := M(z) + N(z).
Difference : (M — N)(z) := M(z) ~ N(x)
where m ~ n is m — n if m > n and is 0 otherwise.

Some typical examples: § C {a,a} C {a,a,a}, {a,b} U {b,a} = {a,a,b,b}
and {a,b,b,b} — {a,a,b,c} = {b,b}.

Now we come to the central concept of this section, an order on multisets:
the smaller multiset is obtained from the larger one by removing a nonempty
subset X and adding only elements which are smaller than some element in
X.

Definition 2.5.3 Given a strict order > on a set A, we define the corres-
ponding multiset order >,y on M(A) as follows:

M > N iff there exist X,Y € M(A) such that
0# X C M and
N=(M-X)UY and
VyeY. Jze X. x>y.

For example, {5,3,1,1} >mu {4,3,3,1} is verified by replacing X = {5,1}
by Y = {4,3}. Note that X and Y are not uniquely determined: X =
{5,3,1,1} and Y = {4,3, 3,1} work just as well.

Sometimes it can be useful to realize that M >,,,; N holds iff you can get
from M to N by carrying out the following procedure one or more times:
remove an element = and add a finite number of elements, all of which are
smaller than z (see Exercise 2.22).

On finite multisets, the multiset order is again a strict order:

Lemma 2.5.4 If > is a strict order, 50 18 >mul-

Proof Irreflexivity: if M >,,q M, there are X and Y such that X CM,
M=(M-X)UY,ie. X =Y, and Vy € Y.3z € X. = > y, which implies
Vy € X3z € X. z > y. Since > is a strict order this implies that X is
infinite, a contradiction.

Transitivity is more involved. If My > Me >mu Ma then M; =
(M; — X1)UY; and M3 = (Ma — X5) UY3, for multisets X; and Y; satisfying
the appropriate conditions in the definition of >,,,;. We now claim that
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¥ = X1U (X2 =Yy)and Y = (Y] — X3) UY, prove My >p M. Let us
Jook at the required conditions in turn.

o X # 0 is implied by X, # 0.

Xy C My = (M; —X;)UY) implies Xo—Y) € M; — X and hence, because

X € My, X = XU (XQ —_ Yl) C M.

e We need to show that Mz = (M; — X)UY =: M), which follows if
we can show M3z(a) = Mf(a) for an arbitrary a € A. We have M(a) =
(Mi(a) ~ (Xa(a)+(Xz(a) = Yi(a))))+((Y1(a) = X2(a))+Y2(a)). Because
X C M,, the first “=" in this expression can be replaced by an ordinary
minus “—", which (after some arithmetic rearrangement) yields Mj(a) =
(Mi(a)—X1(a))+((Yi(a) = Xa(a))—(X2(a) + Yi(a)))+Y2(a). Obviously,
(m = n)—(n = m) = m —n, and thus we obtain Mj(a) = (((Mi(a) —
Xi(a)) +Yi(a)) — Xa(a)) + Ya(a) = (M2(a) - Xa(a)) + Y2(a) = Ms(a).

e ToproveVye Y. dx e X.z>yletye Y. lfy €Yy, My > M> implies
z >y for some z € X; C X. If y € Yo, My >4 M3 implies & > y for
some © € Xg. If x € Xo —~ V] € X, we are done. Otherwise z € Y7, in
which case M| >0 M> implies z; > x for some ;1 € X7 € X and hence
x1 > y by transitivity of > on A. O

The really important nontrivial property of >, is

Theorem 2.5.5 The multiset order >, is terminating iff > is.

Proof If > does not terminate, there is an infinite chain ag > a; > - - - which
induces an infinite chain {ap} > {a1} >mw -+ - of multisets. Hence >,
does not terminate either.

If > terminates, we show by contradiction that >,,,, terminates. Assume
there is an infinite chain My >,y My >0 - - We can then build a finitely
branching but infinite tree where the nodes are labelled with elements of
A such that along each path the labels decrease w.r.t. >. Using Konig's
Lemma, it follows that this tree must have an infinite branch, which yields
an infinitely descending sequence in A, the desired contradiction. It remains
to be seen how to construct this tree.

Let L be an arbitrary element not in A, let A; := AU {1}, and extend
> by defining @ > L for all a € A. Obviously (A, >) is still terminating.
Now we grow the following tree whose nodes are labelled with elements of
A . At stage i of the construction the non-L leaf nodes form the multiset
M;. The initial tree has a root with an arbitrary label and a successor node
for each element of My, e.g. My = {5,3,1,1}:
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Since My >mw Mi, there are finite multisets X and Y with the properties
stated in the definition of >, For every y € Y add a new node labelled y
and make it the child of some leaf node labelled = where x > y. By definition
of >mqa Such an z must exist in X € My and hence x is among the current
leaf nodes. In addition we add a son labelled L to each # € X. This ensures
that even if Y is empty, the tree has grown. Example: M; = {4,3,3,1},
X = {51} and Y = {4,3}:

This process can be continued for Mo, Ms, ... Thus we are constructing :
finitely branching (the M; are finite) but infinite (for each M; at least on
node is added) tree. Ignoring the root node, the labels on each path ar
strictly decreasing by construction. {

Note that the proof does not require > 10 be a strict order but works fc
any relation.

It is now easy to see that the reduction u(i + 1)v — wiiv considered ¢
the beginning of this section terminates: the mapping ¢ @ N* — MR
defined by @(i1 .. .1n) == {i1, .- ,in} is obviously monotone (p(u(i+1)v)
eu)u{i+1}Up() >mu pu)u{i,i}Uplv) = p(uiiv)) and >my oo M(E
terminates because > on N does.

The above definition of >, is quite intuitive but also a little camberson
because of its many quantifiers and conditions. Therefore the followit
alternative characterization is useful:

Lemma 2.5.6 If > is a strict order and M,N € M(A), then
M>wuN & M#NAvVneN - M. ImeM—N.m>n.

Proof For the =>-direction, assume M >u N, in which case there are
and Y as in the definition of >mu. M # N follows from irreflexivity
>mul. For the second conjunct, let y1 € N-M=(M-X)uY)-M
(MUY)-X)-M = ((MUY) — M) - X =Y — X. Hence there is
y2 € X such that y2 > y1. Either y2 € X-Y=(M-M-X)-Y



2.5 Multiset orders 25

M~ {(M~-X)UY) = M- N, in which case we are done, or 4o € X NY
(where (X N Y)(z) = min(X(z), Y(x))), in which case there is a y3 € X
such that y3 > y2. Because our multisets are finite and > is a strict order,
there is no infinite ascending chain B <y2<ys<--in XNY, ie. this
process must always terminate with some me€X-Y =M-N,. Transitivity
yields yn > y1.

The «=-direction is left as an exercise. O
It is worth noting that if > is linear, then M >mut N can be computed quite
efficiently: sort M and N into descending order (vg.r.t. >) and compare the
resulting lists lexicographically w.r.t. > Lex- Let M be the sorteid version of
M. It is easy to see that M >;,. N implies M >,,., N: either N is a proper
prefix of Nj, in which case M > N and hence M >, N;or M = umu,
N = unw such that m > n, in which case m is larger than all elements in
w, which again implies M >, . N. Conversely, if M #Lex N then either
M=NorN > Lew M (Exercise 2.19) and thus N >mu M since >, is
strict, this implies M #,,.; N in both cases. Thus we conclude that

M>uu N & M>;., N. (2.2)

Let us briefly look at the multiset extension of partial orders. As in the
lexicographic case, we have to be a bit careful. If we simply replace > by >
we end up with {1} >, {1, 1}, which is not desirable. Instead, >,,.;, the
multiset extension of a partial order >, is defined as follows:

M P N & M ol NV M = N.
Given a quasi-order (A, 2), we define its multiset extension via the induced
partial order > on A/
M2N & M/ > N/.

where {ay,... ap} /. = {lar]~. .. ag] ).

Exercises
222 Given a strict order (A, >), define the following single-step relation
on M(A):
M>L, N & JzcMye M(A). N=(M~{z})uY A
VyeY. x>y

Show that >,,,; is the same as the transitive closure of >,1nul. (Hint:
show that each relation is contained in the other using appropriate
inductions.) Conclude that >mat 18 transitive.
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2.23 Show that X and Y in the definition of >mul can always be choser
such that they are disjoint. S

2.24 Give a counterexample to Lemma 2.5.4 for infinite multisets. Show
that Lemma 2.5.4 also holds for infinite multisets provided there is nc
infinitely ascending chain zy < T < oo

2.25 Prove the <=-direction of Lemma 2.5.6.

2.26 Show that if > is a partial order, so is Zmul, and that 2., is a
quasi-order if 2> is one.

2.6 Orders in ML

How should we implement strict/partial orders in general? The obvious
implementation as a function ord: 7 * 7 -> bool has its problems:

o If ord(z,y) implements x > y, we cannot recover z > y by writing
ord(x,y) orelse r = y because in general we cannot assume that the
mathematical equality = on the base set A coincides with the program-
ming language equality = on the type 7 used to implement A. For example,
if sets are implemented by lists, we do not have [1 »21 = [2,1] although
they are equal as sets.

e If ord(x,y) implements z > y, we can compute r > y as ord(x,y)
andalso not(ord(y,z)). This is mathematically correct but inefficient
because of the two calls to ord. The performance penalty is exponential
in the depth of the nesting of orders.

¢ Implementing both > and > is likely to duplicate much of the code.

To overcome these problems we introduce

datatype order = GR | EQ | NGE;

which represents the three outcomes >, = and #. We say that a function
ord computes a strict/partial order > /> if

GR  ifz >y,
ord(z,y) = ¢ EQ ifz=y,
NGE ifz Xy

Note that by z = y we mean equality on the abstract, not the implementa-
tion level. The latter is z = y, which is too weak, as the set/list example
demonstrates: on the implementation level, a partial order may turn into a
quasi-order. The purpose of EQ instead of = is to hide that fact. On the
other hand, we may even start with a quasi-order 2, in which case GR, EQ
and NGE represent >, ~ and 2.
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