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Abstract. It is known that the behavior of non-deterministic functions
with call-time choice semantics, present in current functional logic lan-
guages, is not well described by usual approaches to reduction like ordi-
nary term rewriting systems or A-calculus. The presence of HO features
makes things more difficult, since reasoning principles that are essential
in a standard (i.e., deterministic) functional setting, like extensionality,
become wrong. In this paper we propose HOlet-rewriting, a notion of
rewriting with local bindings that turns out to be adequate for programs
with HO non-deterministic functions, as it is shown by strong equiva-
lence results with respect to HOCRWL, a previously existing semantic
framework for such programs. In addition, we give a sound and complete
notion of HOlet-narrowing, we show by a case study the usefulness of
the achieved combination of semantic and reduction notions, and finally
we prove within our framework that a standard approach to the imple-
mentation of HO features, namely translation to FO, is still valid for HO
nondeterministic functions.

1 Introduction

Functional logic programming (FLP, for short; see [12,14] for surveys) inte-
grates features of logic programming and functional programming. Typically
FLP adopts mostly a (lazy) functional style, thus making intensive use of higher
order (HO) functions. However, most of the work about FLP focuses on first
order (FO) aspects of programs, thus limiting the applicability of results.

This is not a satisfactory situation, especially taking into account that the
presence of functions that are at the same time HO and non-deterministic leads
to somehow surprising behaviors, as shown by the example we sent recently to
the Curry mailing list [13]:

Ezxample 1. Consider the following program computing with natural numbers
represented by the constructors 0 and s/1, and where + is defined as usual.
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Notice that f and f’ are non-deterministic functions that are (by definition
of f') extensionally equivalent; from the point of view of standard functional
programming they should be seen as ‘the same function’. However, consider the
expressions (fdouble f 0) and (fdouble f’ 0). In modern FLP languages like Curry
[16] or Toy [20], the possible values for (fdouble f 0) are 0, s (s 0), while (fdouble
f’7 0) can be in addition reduced to s 0.

This behavior corresponds to call-time choice [17,11], the semantics for non-
determinism adopted by those systems. Operationally call-time choice is very
close to the sharing mechanism used in functional languages to implement lazy
evaluation.

The example was sent! to point out that n-expansion and 7-reduction are
not valid for such systems, because extensionally equivalent functions (e.g., f
and f’) can be semantically distinguishable when put in the same context (e.g.,
double [ ] 0), a fact that does not happen neither in standard (i.e, deterministic)
functional programs?, nor in FO FLP. We remark also that with run-time choice
[17,11], f and f’ will be indistinguishable (double f 0 and double f’ 0 would both
produce 0, s 0, s (s 0) as possible results). Therefore, it is the combination HO
+ Non-determinism + call-time choice which makes things different.

That combination was addressed in HOCRWL [7,8], an extension to HO
of CRWL 3 [11], a semantic framework specifically devised for FLP with call-
time choice semantics for non-determinism (see [27] for a survey of CRWL and
its extensions). HOCRWL provides logic and model-theoretic semantics, based
on an intensional view of functions, where different descriptions —in the form
of HO-patterns— of the same extensional function are distinguished as differ-
ent data. This allows expressive programs and is simpler than A-calculus-based
HO unification, which is an alternative approach followed in the logic program-
ming setting [22]. Previous work on the intensional view of HO-FLP [10] did
not consider non-determinism. Other works covering HO in FLP, [23,15], con-
sider orthogonal or inductively sequential (henceforth deterministic) systems;
if extended directly to the non-deterministic case, they would realize run-time
choice, as happens also with [4], where a type-based translation to FO in the
spirit of [28, 9] is proposed. We remark also that [15] is close to the theory of HO
rewriting [26], and therefore has n-expansion as a valid procedure, against the
expected properties of the languages considered by ours. Finally, [1] copes with
call-time choice but their approach to HO is again based on a FO-translation,
in contrast to ours.

1 As far as we know, it was the first time that this behavior was noticed.

2 Although the addition of primitive functions not definable in the language like seq
in Haskell [24] can also destroy extensionality.

3 CRWL stands for Constructor Based Rewriting Logic.



A weak point of the original (HO)CRWL-way to FLP is that it does not come
with a clear, simple notion of one-step reduction similar to one-step rewriting.
In [19] we proposed let-rewriting, a notion of rewriting with local bindings ade-
quate to FO CRWL semantics, and at the same time simpler and more abstract
than other reduction notions based on term graph rewriting [25,6] or natural
operational semantics [1]. Let-rewriting was generalized to let-narrowing in [18].

Our aim in this work is to extend the notion of let-rewriting/narrowing to the
HO case. We address various foundational aspects —definition of HOlet-rewriting
and equivalence wrt the declarative semantics given by HOCRWL (Sect. 3),
HOlet-narrowing and its soundness and completeness wrt HOlet-rewriting (Sect.
4)— and also more applied aspects, as are the use of our framework to language
development (Sect. 5) or the proof of correctness within our framework of a
scheme of translation to FO, the basis of a standard approach [28,9,4] to the
implementation of HO stuff in FO settings.

There are still some other important issues —evaluation strategies (including
concurrency), types, constraints— that have been left out of the scope of the
paper. Finally, we are not inventing HO FLP, but only contributing to some
aspects of its foundation. Therefore it is not our aim in this paper convincing of
the practical interest of HO FLP: other documents [16,27,7,4] contain enough
evidences of that. Proofs can be found in an appendix.

2 Preliminaries: HOCRWL

We present here some basic notions and new results about HOCRWL [7].

2.1 Expressions, patterns and programs

We consider function symbols f,g,... € F'S, constructor symbols ¢,d, ... € CS,
and variables X,Y, ... € V;each h € FSUCS has an associated arity, ar(h) € N;
FS™ (resp. CS™) is the set of function (resp. constructor) symbols with arity
n. The notation o stands for tuples of any kind of syntactic objects o. The
set of applicative expressions is defined by Exp > e := X | h | (e1 e2) . As
usual, application is left associative and outer parentheses can be omitted, so
that e; ey ...e, stands for ((...(e1 e2)...) e,). The set of variables occurring
in e is written by var(e). A distinguished set of expressions is that of patterns
t,s € Pat, defined by: t :=X | ct1...ty | ft1...tm, where 0 <n < ar(c),0 <
m < ar(f). Patterns are irreducible expressions playing the role of values. FO-
patterns, defined by FOPat 5t := X | ¢ t1...t, (n = ar(c)), correspond to
FO constructor terms, representing ordinary non-functional data-values. Partial
applications of symbols h € F'SUC'S to other patterns are HO-patterns and can
be seen as truly data-values representing functions from an intensional point of
view. Examples of patterns with the signature of Ex. 1 are: 0, s X, s, f’, fadd f’
f’. The last three are HO-patterns. Notice that f, fadd f f are not patterns since
f is not a pattern (ar(f) = 0).



Expressions X ej ... e, (m > 0) are called flexible (variable application when
m > 0). Rigid expressions have the form h e; ...e,,; moreover, they are junk if
h € CS™ and m > n, active if h € FS™ and m > n, and passive otherwise.

Contexts are expressions with a hole defined as Cntat 5C =[] |Ce | eC.
Application of C to e (written Cle]) is defined by [ ]le] = e ; (C €')[e] =
Cle] €' ; (¢’ C)le] = €' Cle]. Substitutions 6 € Subst are finite mappings from
variables to expressions; [X;/e;, ..., X, /e,] is the substitution which assigns
e; € Exp to the corresponding X; € V. We will mostly use pattern-substitutions
PSubst = {0 € Subst | 0(X) € Pat,¥X € V}. We write € for the identity
substitution, dom(6) for the domain of ¢, and vRan(0) = U x cjomg) var(X0).

As usual while describing semantics of non-strict languages, we enlarge the
signature with a new 0-ary constructor symbol L, which can be used to build the
sets Fxpr,, Pat,, PSubst of partial expressions, patterns and p-substitutions
resp. Partial expressions are ordered by the approzimation ordering T defined
as the least partial ordering satisfying LT e and e C ¢’ = Cle] C C[¢'] for all
e,e’ € Exp,,C € Cntzt. This partial ordering can be extended to substitutions:
given 0,0 € Subst, we say 0 C o if X0 C Xo for all X € V.

A HOCRWL-program (or simply a program) counsists of one or more program
rules for each f € FS™, having the form f t;...t, — r where (¢1,...,t,) is
a linear (i.e. variables occur only once) tuple of (maybe HO) patterns and r is
any expression. Notice that confluence or termination is not required, and that
r may have variables not occurring in f ¢ ...t, (we write vExtra(R) for such
variables in a rule R). The original HOCRWL logic considered also joinability
conditions in rules to achieve a better treatment of strict equality as built-in,
which is a subject orthogonal to the aims of this paper. Therefore, we consider
only unconditional rules.

Some related languages, like Curry, do not allow HO-patterns in left-hand
sides of function definitions. We remark that all the notions and results in the
paper are applicable to programs with this restriction and we stress the fact that
Example 1 is one of them.

Given a program P, the set of its rule instances is [P] = {(l = r)0 | (I — 1) €
P,60 € PSubst}. The set [P] is defined similarly replacing PSubst by PSubst .
To require 6 € PSubst () instead of § € Subst ) is essential to achieve call-time
choice in the next sections.

2.2 The HOCRWL proof calculus [7]

The semantics of a program P is determined in HOCRWL by means of a proof
calculus able to derive reduction statements of the form e — ¢, with e € Ezp
and t € Pat, , meaning informally that ¢ is (or approximates to) a possible value
of e, obtained by evaluation of e using P under call-time choice. Besides this log-
ical semantics, HOCRWL programs come in [7] with a model-theoretic semantics
based on applicative algebras, with existence of a least Herbrand model. We will
not use this aspect of the semantics here.

The HOCRWL-proof calculus is presented in Fig. 1. We write P FgocrwiL
e — t to express that e — ¢ is derivable in that calculus using the program P.



The HOCRWL-denotation of an expression e € Exp, is defined as [e]hocpwr =
{t € Pat, | P btyocrwr e — t}. P and HOCRWL are frequently omitted in

those notations.

(B) =T (RR) P zeV
(DC) heel_btel "_'D;nt_bt? he X, if hti... .ty is a partial pattern, m > 0
1...€m 1..-tm
e1—>ti... ep —>tn, Tar...am —>t .
(OR) Fer enan am 1 iftm>0,(fti...tn — 1) €[PL

Fig. 1. (HOCRWL-calculus)

In Example 1 we have [fdouble f 0] = {0,s (s 0),L,s L,s (s L)} and
[fdouble f' 0] ={0,s0,s (s 0),L,s L,s (s L)}

We will use the following (new) result stating an important compositionality
property of the semantics of HOCRWL-expressions: the semantics of a whole
expression depends only on the semantics of its constituents, in a particular
form reflecting the idea of call-time choice. The second part of the theorem is
a technical result, needed in some proofs, concerning the size of the involved
derivations.

Theorem 1 (Compositionality of HOCRWL semantics).

(i) [Cle]]l = Usegq[Ct]], for any program P and expression e € Exp, .
In other terms, Cle] =t < Js.(e = s AC[s] — t).

(it) In the (=) part of (i), if t #L,C # [ | and the derivation of Cle] — ¢ has
size K, then the derivations of e — s and C[s] — t can be chosen with sizes
< K and < K respectively.

3 Higher order let-rewriting

To express sharing, as is required for call-time choice, we enhance the syntax of

expressions (and contexts) with a let construct for local bindings, in the spirit

of [5,21,19]: LEzp>e ==X | h|ejex |let X =e1 in ey
Cntzt>Cu=[]]|CeleC|let X=Cine|let X=einC

We consider expressions let X = e; in ey as passive and rigid. The sets F'V (e)

and BV (e) of free and bound variables resp. of a let-expression e are defined as:

X)={X}; FV(he)=U, .. FV(e:);

( e;ce

(let X =e1in ex) = FV(e1) U (FV(e2)\{X});
BV(X) = 0; BV (h(2)) = U, cx BV (€,);

( .

e; €€

BV (let X =e; in ez) = BV(e;) U BV (e2) U{X}



Notice that with the given definition of FV(let X = ey in ey) recursive let-
bindings are not allowed since the possible occurrences of X in e; are not con-
sidered as bound and therefore refer to a ‘different’ X. We assume appropriate
renamings of bound variables ensuring that bound and free variables are kept dis-
tinct, and that whenever 6 is applied to e € LExp, BV (e)N(dom(8)UvRan(0)) =
0, so that (let X = ey in e3)f = let X = e10 in e20 and (Cle])8 = CO[ed).

The shell of an expression, written as |e|, is a pattern containing the ‘stable’
outer information of e, not to be destroyed by reduction:

X iftm=0
[ hileil...lem| if (he CS™,m <n)or (heFS",m<n)
o L otherwise (junk or active expression)
|(let X = e ine2) ay...an| =|(ea[X/e1]) a1 ... an|

Ih 61...6m|

Notice that in FO [19] we defined |(let X = ey in eq)| = |ea|[X/|e1]]. This
would lose information in the HO case: for instance, |let X = s in X 0| would
be L, instead of the more accurate s 0 given by the definition above.

The HOCRWL.; proof calculus for proving statements e — ¢ (e € LExp, ,t €
Pat ) ) results from adding to Fig. 1 the rule:

e1 — t1 (BQ[X/tl]) ay...0p >t
(let X =ejines) ar...am—>t

(Let) (m >0)
It is easy to see that for programs and expressions without lets both calculi
coincide, giving [e]mocrwr = [e]lmocrwrL,.,, and then we write simply [e].
Theorem 1 does not hold as it is for let-expressions (assume, for instance,
the program rule f 0 = 1 and take e = f X, C = let X=0 in [ ]). However, a
more limited form of compositionality will suffice to our needs:

Theorem 2 (Weak compositionality of HOCRWL,.; semantics).
For any P and e, e’ € LExp, : [C [e]] = U, 4[C [t], if BV(C)NFV(e) =0.

As a consequence, (i) [e €'] = U,eqlt €1 (i) [e €'] = Useperle t]
(iii) [let X = e in €'] = Ucpqle’[X/t]

3.1 Rewriting with local bindings

Figure 2 defines the HOlet-rewriting relation —!. Rule (Fapp) uses a program
rule to reduce a function application, but only when the arguments are already
patterns, otherwise call-time choice would be violated. Non-pattern arguments
of applications are moved to local bindings by (LetIn). Local bindings of pat-
terns to variables are applied in (Bind), since in this case copying is harmless.
(Elim) erases useless bindings. (Flat) and (LetAp) manage local bindings; they
are needed to avoid some reductions to get stuck. Notice that with the vari-
able convention, the condition Y ¢ FV (e3) in (Flat) and (LetAp) would not be
needed; we have written it in order to keep the rules independent of the conven-
tion. Finally, any of these rules can be applied to any subexpression by (Contz).



It includes an additional technical condition to avoid undesired variable captures
when (Fapp) was applied inside a surrounding context and the used program rule
has extra variables. If, for instance, a program rule is f — Y, the rule (Contxt)
avoids the step let X=0 in f —' let X=0 in X and also the step let X=f in X
—blet X=X in X.

(Fapp) fti...tn =7, if(ft1...tn — 1) € [P]

(LetIn) e ea—llet X = es in e1 X (X fresh), if e is an active expression,
variable application, junk or let rooted expression.
(Bind) let X =t in e —'e[X/t], ift€ Pat

(Elim) let X =e; in ea—'es, if X & FV(es)

(Flat) let X = (let Y =e1 ines) ines —' let Y =e; in (let X = ea in e3)
ifY & FV(es)

(LetAp) (let X =e1 in e2) e3—'let X = ey in eg e3, if X € FV(e3)

(Contx) Cle]—'C[e'], if C # [], e—'€’ using any of the previous rules, and in case
e—'e’ is a (Fapp) step using (f p — )0 € [P] then vRan(0|\yar) )NBV(C) = 0.

Fig. 2. Higher order let-rewriting relation —'

The following derivation corresponds to Example 1:
fdouble f 0 —>l{Let1nycnm} (let F=f in fdouble F) 0
—>lLetAp let F=fin fdouble F 0 Hl{papp,cmz} let F=fin fadd F' F 0
Hl{Fapp’Cnm} let F=fin F 0 + F 0
—! Fapp.cntay let F=gin F 0 + F 0 —'ping g0+ g0 0
Notice that the fist step is justified because f is active. In contrast, since f’ is a
pattern, a derivation for fdouble f” 0 could proceed as follows:

fdouble 70 = fadd " f0='F 0+ 0="Ff0+f0-"g0+h0—"50

The rules of —! have been carefully tuned up to ensure that program rules are
the only possible source of non-termination, as ensured by the following result.

Proposition 1. The relation —>l\Fapp defined by the rules of Fig. 2 except
(Fapp) is terminating.

This is a natural requirement. However, at some point we will find useful to
consider the more liberal relation — obtained replacing (LetIn) by:

(LetIn’) e ex =% let X =eyine; X (X fresh)

which is less restrictive (then —! C —%). However —%\ py,, becomes non-

terminating, as shown by: s 0 =z let X =0in s X —lpjng s 0 —!. ..



3.2 Adequacy of HOlet-rewriting to HOCRW L

We compare here —! to HOCRWL-derivability —, proving that essentially —!
gives no more (soundness) and no less (completeness) results than —».
As in [19], the following notion is useful to establish soundness:

Definition 1 (Hypersemantics).

(i) The hypersemantics of an expression e € LExp, , written as [[e], is a map-
ping [le]] : PSubst, — P(Pat,) defined by [[e](0) = [ed].
(i) Hypersemantics of expressions are ordered as follows:

Teill € Mle2]l iff [e10] C [e26], VO € PSubst.

The main reason for introducing hypersemantics is that it enjoys the following
nice monotonicity-under-contexts property, while [_] does not:

Lemma 1 (Monotonicity of hypersemantics).
lell € el implies [Cle]]l € [C[e'1]l, for any e, e’ € LExzp,, C € Cntxt.

Monotonicity under contexts is the key for our next result, stating that hy-
persemantics does not grow under HOlet-rewriting steps:

Lemma 2 (One-Step Hyper-Soundness of HOlet-rewriting).
l

e—'e’ implies [[¢']| € [le]], for any e,e¢’ € LExp.
Notice that € cannot be replaced here by =, due to non-determinism.
Lemma 2, together with the easy observation that [[e;]] € [Je2]] implies [e1] C
[e2] (just take § = €) and an obvious induction over derivation lengths, leads to
our main correctness result for —!:

Theorem 3 (Soundness of HOlet-rewriting). Let P be a program, e, e’ €
LExp. Then: (i) e—'"¢" implies [¢'] C [e], and therefore e — |€'|
(ii) e—'"t implies e — t, for any t € Pat.

The proof of this result can be easily extended to the larger relation —% (the
one which uses (LetIn’) instead of (LetIn)).

Regarding completeness of let-rewriting, a key in the FO case was the peeling
lemma ([19], Lemma 7), a technical result giving a kind of standard form in
which the implicit or explicit sharing information contained in e € Ezp can be
expressed. It is not obvious how to proceed in the HO case, since straightforward
generalizations of the FO peeling lemma turn out to be false. However, we have
found that the following weak HO version is enough for our purposes:

Lemma 3 (Weak peeling lemma). Let h ey ...e, € Exp with h € X™ (n
and m can be different). Then h ey ... em—'let X =ain hty.. tm, for some
t1,...,tm € Pat,a C Exp such that |a| = L,t; = e; for every e; € Pat. Besides,
in this derivation the rule (Fapp) is not applied.




With this result and some monotonicity properties of HOCRW L-derivability,
we can prove a very technical but strong completeness result for —! wrt —»:

Lemma 4 (Completeness lemma for HOlet-rewriting). For any program
P, e € Exp and t € Pat, with t #1, the following holds: P Fgocrwr € — t
implies e—'"let X = a in t', for some t’ € Pat and @ C Exp in such a way that
tC|let X =aint'| and |a;| =L for all a; € a. As a consequence, t T t'[X/ 1].

The condition ¢ #.L is needed, as can be seen just taking P = {f — f},e=f
and t =1.
From Lemma 4 we can obtain our main completeness result for —!:

Theorem 4 (Completeness of HOlet-rewriting). Let P be a program, e €
FExp, andt € Pat, . Then:

(i) Prgocrwr e — t implies e—!"¢, for some ¢ € LExp such that t C le’].
(i) If in addition t € Pat, then e—'"t.

Joining together the last parts of Theorems 3 and 4, we obtain a strong
equivalence result for —! and —:

Theorem 5 (Equivalence of HOlet-rewriting and HOCRWL).
Pruocrwi € — t iff e='"t, for any P, e € Exp, and t € Pat.

This justifies our claim that —' is truly the reduction face of HOCRW L-semantics.

4 Higher order let-narrowing

For some FLP computations rewriting is not enough, and must be lifted to some
kind of narrowing; this happens when the expression being reduced contains
variables for which different bindings might produce different evaluation results.
Narrowing is an old subject in the fields of theorem proving and declarative
programming. Since classical rewriting is not correct for call-time choice, classical
narrowing cannot be either (because rewriting is a particular case of narrowing).
In [18] we proposed a notion of narrowing adequate to FO let-rewriting, and now
we extend it to HO. As happens in [7,4], HOlet-narrowing may bind variables
to HO-patterns.

Figure 3 contains the rules for the one-step HOlet-narrowing relation e~'g €',
expressing that e is narrowed to e’ producing the substitution § € PSubst. In
(X) we collect those cases of HOlet-rewriting corresponding also to narrowing
steps with empty substitution. (Narr) is the proper rule of narrowing for func-
tion application; it may produce HO bindings if the used program rule has HO
patterns. Notice that, for the sake of generality, we do not require that 6 is a
mgu. (VAct) and (VBind) are rules producing HO bindings for flexible expres-
sions (or subexpressions, in the case of (VBind)). We have preferred this pair of
rules instead of the rule

l

(VNarr) X ew%(x/yt (e[X/t]), for any t € Pat



which is simpler, but also ‘wilder’ because it creates a larger search space. Finally,
(Contxt) is a contextual rule where, as in [18], it is crucial to protect bound
variables from narrowing (condition (i)) and to avoid variable capture (condition
(ii), automatically fulfilled if mgu’s are used in (Narr) and (VAct), and fresh
shallow patterns —i.e., of the form h X7 ... X,—in (VBind)).

(X) ew!e if e —='e’ using X € {Elim, Bind, Flat, LetIn, LetAp} in Figure 2.

(Narr) f t ~' 70, for any fresh variant (f  — r) € P and @ € PSubst such
that f t0 = f po.

(VAct) X ti...ty ~'9 76, if k& > 0, for any fresh variant (f p — r) € P and
0 € PSubst such that (X ¢1...tx)0 = f po.

(VBind) let X =e; in ea~le e20[X/e10], if e1 & Pat, for any 0 € PSubst that
makes e16 € Pat, provided that X ¢ (dom(8) U vRan(6)).

(Contx) Cle]~'4CO[e] for C # [], if e~'ge’ by any of the previous rules, and the
following conditions hold:
i) dom(0)N BV (C) =0
ii) e If the step is (Narr) or (VAct) using (f p — r) € P, then
vRan(0)\var(z)) N BV(C) =0
o If the step is (VBind) then vRan(0) N BV (C) =0

Fig. 3. Higher order let-narrowing calculus ~'

Taking Example 1, a narrowing derivation for fdouble F' 0 would start with
some (X) ‘rewriting’ steps:
fdouble F 0 ~', fadd FF 0 ~'c F 0 + F 0~ let X=F 0in X + F 0
At this point, notice first that we cannot narrow on X, because it is a bound
variable. Instead, we can apply (VAct+Coniz):
let X=F 0in X + F 0 ~'{p/q) let X=0in X + g 0~!, 0
Other similar derivations using (VAct+Contz) would bind F' to h (with final
result s (s 0)), or to f’ (with possible results 0, s 0, s (s 0)). Notice that the
binding X/ f is not legal, since f is not a pattern.
Alternatively we could have applied (VBind), obtaining:
let X=F 0in X + F 0 ~'{p/5 sO0+s0~'" s (s50)
We remark that, in our untyped framework, other ‘ill-typed’ bindings could be
tried, like F'/fadd 0 or F'/fdouble. This is a symptom of known problems [4, 8]
of the interaction with types of the intensional view of HO, that are partially
alleviated in [4] by a typed version of a FO translation (see Sect. 6), but in
general require (see [8]) bringing types to computations, a problem yet not well
solved in practice. All these type-related issues are out of the scope of the paper.

A basic fact about completeness of let-narrowing in the FO case was that
ewlz ¢’ implied ef—!"¢’, V8 € CSubst, which is closely related to the fact that
FO let-rewriting is closed under c-substitutions. None of both facts hold with



HO ~!, —! and @ € PSubst: consider for instance e = s (Y 0)—! let X =
Y 0in s X =¢' and 0 = [Y/s], for which e =5 (s 0) »llet X =50in s X =
¢’f. Similarly, we have e = s (Y 0)~% let X =Y 0in s XWL[Y/S} let X =
s0ins X =¢e,butef =s (s0)»le.

At this point the relation —% of Sect. 3 becomes useful, because we have:

Lemma 5 (Closedness of — under PSubst ). For everye,e¢’ € LExp,0 €
PSubst, e—L="¢ implies ed—L"¢'0.

Now we can prove soundness of HO let-narrowing wrt. —:

l /

Theorem 6 (Soundness or ~! wrt —%). For any e,e¢’ € LExp, ewlz e

. . *
implies ef—L"¢.

And now, taking into account Th. 3 (which holds also for —%), we get:

Theorem 7 (Soundness of let-narrowing). For any e, e’ € LExp, t € Pat:
a) If exsty € then [e'] C [ed] b) If exs'y t then ef—'"t

Regarding completeness, the following lemma shows how we can lift any —!
derivation to a ~! derivation. This is surely the most involved result in the
paper.

Lemma 6 (Lifting lemma for HOlet-rewriting). Let e, e’ € LExp such that
ef—'"¢" for some § € PSubst, and let W, B C V with dom(f) U FV(e) C W,
BV (e) C B and (dom(0) UvRan(0)) N B = 0, and for each instance of a program
rule Ry € [P] used in an (Fapp) step of ed—'"¢ then vRan(Y|yBatra(r)) VB = 0.
Then there exist a derivation e~'_ e and ' € PSubst such that:

(i) "0 = ¢ (ii) o8 = )W (1ii) (dom(0") UvRan(0")) N B =10

Besides, the HOlet-narrowing derivation can be chosen to use mgu’s at each
(Narr) or (VAct) step, and fresh shallow patterns in the range for each (VBind)
step. Graphically:

l* "

& €

2
QI Ly
l* hd

e —¢’

With the aid of this lemma we can reach our completeness result for ~':

Theorem 8 (Completeness of HOlet-narrowing wrt. HOlet-rewriting).
Lete, e’ € LExp and 6 € PSubst. ]feﬁﬂl*e’, then there exist a HOlet-narrowing
derivation e~~'e" and §' € PSubst such that €0’ = ¢’ and o8’ = [FV (e)].



5 A case of study: correctness of bubbling

Having equivalent notions of semantics and reduction allows to reason inter-
changeably at the rewriting and the semantic levels. We demonstrate the power
of such technique by a case study where let-rewriting provides a good level of
abstraction to formulate a new operational rule (bubbling), while the semantic
point of view is appropriate for proving its correctness.

Bubbling, proposed in [3], is an operational rule devised to improve the effi-
ciency of functional logic computations. Its correctness was formally studied in
[2] in the framework of a variant [6] of term graph rewriting.

The idea of bubbling is to concentrate all non-determinism of a system into
a choice operation 7 defined by the ruless X 2 Y —- X and X ?2Y — Y,
and to lift applications of 7 out of a surrounding context, as illustrated by the
following graph transformation taken from [2]:

/N N

not not
N —bub VA VAY
? not not mnot not
v N \ Y vV
true false true false

As it is shown in [3], bubbling can be implemented in such a way that many
functional logic programs become more efficient, but we will not deal with these
issues here.

Due to the technical particularities of term graph rewriting, not only the
proof of correctness, but even the definition of bubbling in [3,2] are involved
and need subtle care concerning the appropriate contexts over which choices
can be bubbled. In contrast, bubbling can be expressed within our framework
(moreover, generalized to HO) in a remarkably easy and abstract way as a new
rewriting rule:  (Bub) Cle1?es] =P Cle1]?Cles], for e1,e0 € LExp

With this rule, the bubbling step corresponding to the graph transformation
of the example above is: let X = true ? false in c (not X) (not X) —bub
let X = true in ¢ (not X) (not X) ¢ let X = false in ¢ (not X) (not X)

Notice that the effect of this bubbling step is not a shortening of any existing
HOlet-rewriting derivation; bubbling is indeed a genuine new rule, the correct-
ness of which must be therefore subject of proof. Call-time choice is essential,
since bubbling is not correct with respect to run-time choice: in Example 1,
fdouble (g%h) 0 can be reduced with run-time choice to 0,1 or 2, while fdouble
g 0 ? fdouble h 0 leads only to 0 and 2.

The fact that bubbling preserves HOCRWL.;-semantics has a simple formula-
tion:

Theorem 9 (Correctness of bubbling). If e =" ¢/, then [Cle]] = [C[e']]

In other terms, [Cle1?ea]] = [Cle1]?Clez2]] (= [Cle1]] U [Clez]]), for any ei,es €
LExp and context C.



From this and the equivalence results of Sect. 3 we obtain as immediate corollary
the correctness of bubbling in terms of rewriting;:

Corollary 1. e —f t & e (=1 U —pup)* ¢

It is interesting to observe that most of the proof of Th. 9 consists of direct
calculations with denotation of expressions, in the form of chains of equalities of
denotations, justified by general properties of the semantics like Th. 1. We find
this methodology quite appealing and for this reason we include (a part of) the
proof.

Proof (For Theorem 9, Correctness of bubbling). The proof uses the following
easy (not proved here) lemma about semantics of ?, which justifies also the
equation [Cle1]?Clea]] = [Cle1]] U [Clez]] stated in the Theor. 9.

Lemma 7. [ei?es] = [e1] U [ez2], for any e1,es € LExp, .

Now, we reason by induction on the number k of let’s occurring in Cle; 7es].
e Lk = 0: Since there is no let in e;?es, we can apply Theor. 1 to obtain:

[Cle1?ex]] = (by Theor. 1)
Uteteszea1 [CLET = (by Lemma 17)
Usecteien u gefeap [C1H] = (set operations)
UtE[[C[el]]][[C[tH] U Ute[[c[e2]]]ﬂc[t]]] = (by Theor. 1)
[Cled]] U [Clez]] = (by Lemma 17)
[Cle1] ? Cle2]]

e k> 0: We reason by induction on the structure of C. The most interesting
case is that of let bindings:

— C=let x =ein C': then

[Clei?es]] -

[let z=e in C'[e17es]] = (by Theor. 2,0 = {x/t})
Ute[[e]] [C'le17es]o] =

Ute[[e]] [C'oleio?eso]] = (by IH on k, that decreases)
Usepep[C'oler0]?Clole20]] = (by Lemma 17)
Ute[[e}]([[clg[ela]]] U [C'olexa]]) = (set operations)

UtE[[e]] [C'olera]] U UtE[[e]] [C'olesa]] = (by Theor. 2)

[let z=e in C'[e1]] U [let z=e in C'[es]] =
[Clea]] U [Clea]]
[Clea] 7 Cle2]]

(by Lemma 17)

6 Translation to first order

Since [28], a common technique to implement HO features in FO settings consists
in a HO-to-FO translation introducing data constructors to represent partial
applications and a special function @ (read apply) for reducing application of
such constructors. This has been used within the context of FLP in [9, 4]. Here we
adapt such a transformation to our context and provide a correctness proof with



respect to the semantics of the source and object programs, given by HOCRWL
and CRWL [11,19] respectively.

Definition 2 (First order translation). Given a HOCRWL-program P =
{f 1 — e1y....f Pm — em} built up over the signature ¥ = FS UCS, its
first order translation Py, will be defined over the extended signature Xy, =
FS, UCSy, where:

FSfO:FSU{@}, CSfOZUCECS",nEN{CO’ ey Cn} U UfEFS’",nEN{f()? ey fn—l}

being Q a new function symbol of arity 2 and cg, . . ., Cn, fo, - - -, fn_1 new symbols
(with arities indicated by the sub-index). The set Pa of Q—rules is defined as:

Qe (X1,...,Xg),Y) = cpr1( X1, ..., Xk, Y), for each c € DC™ k <n
Q(fr(X1,...,Xk),Y) = fer1(Xq,..., X, Y), for each f € FS™ k+1<n
Q(fr-1(X1,..., Xn-1),Y) = f(Xq,...,Xn-1,Y), for each f € FS™

The transforming function fo : Exps | — Exps, 1 is defined as:
fo(L)=1 fo(X)=X fo(h) =hg,if h € CS or he FS",n>0
fo(f)=[.if f € FS° fo(er e2) = Q(fo(er), fo(e2))

The transformed program is defined as Py, = {f(fo(p1)la) — fo(e1) la,
s f(fo(pm) la) — fo(em) la} U Pa, where e e stands for a normal form for
e with respect to @Q—rules defined above.

The program rules obtained by the transformation are well defined: it is easy
to prove that if p is a pattern then fo(p) la is a FO constructor term.

For the program of Example 1 we have F'Sy, = {+, f, g, h, f', fadd, fdouble, @}
and CSy, = {0, so, s, +0, +1, 90, ho, [, faddy, fadd,, fadd,, fdoubley}. The trans-
lated rules are:

gX)—=0  f—=g f—ho [f(X)=Q(f,X) h(X)—s0)
fadd(F,G,X) — Q(F,X) +Q(G,X)  fdouble(F) — faddy(F,F)

And the rules for Q are:

Q(49,X) = +1(X) Q(sp, X) — s(X) @Q(hg,X) — h(X)
Q(+1(X),Y) - X +Y  Q(go,X) — g(X) Q(f5,X)— f'(X)
Q(faddy, F) — fadd,(F) Q(faddy(F, G), X) — fadd(F, G, X)
Q(fadd,(F),G) — faddo(F,G)  Q(fdoubley, F') — fdouble(F')

The translation of the expressions to reduce in that example are:
fo(fdouble f 0) la= Q(fdouble(f),0)  fo(fdouble f' 0) o= Q(fdouble(f}),0)
In general we cannot expect to prove a statement of the form fo(e) — fo(t)
because fo(t) can contain calls to the function @, i.e. fo(t) might not be a FO
constructor term. But the same statement makes sense in the form fo(e) —»
fo(t) la because fo(t) la is a FO constructor term.

Prop051t10n 2. [fole) lalPrwr = [fo(e)]Fpwr- Moreover [fo(e)] = [e'] where
€’ is any expression obtained from e by reducing some calls of @.



According to this, when proving a statement fo(e) — ¢ we can use any
equivalent expression ¢’ (in the sense of previous lemma) in the left hand side
and prove ¢ — t.

The correctness of the transformation can be stated then as follows:

Theorem 10 (Adequacy of HO-to-FO translation). Let P be a program,
e€ FExp,,te€ Pat,. Then: PFyocrwr e —t<s Pfo Feorwr f0(6) —> fO(t) la
Or, in terms of HOlet-rewriting: e—'"t < fo(e)—'"fo(t) la

7 Conclusions

Our paper addresses the broad question: what means ‘reduction’ for functional
logic programming?, which had no previous satisfactory answer for the combina-
tion HO + non-deterministic functions + call-time choice supported by current
systems in the mainstream of the field (Curry [16], Toy [20]). This leads to subtle
behaviors well characterized from the point of view of a declarative semantics
[7], but with no corresponding basic notion of one-step reduction. We have made
a number of identifiable contributions in this sense:

e We propose a notion of rewriting with local bindings (HOlet-rewriting) suit-
able for a large class of HO systems (possibly non-confluent and non-terminating,
allowing extra variables in right-hand sides and HO-patterns in left-hand sides).

e We have proved equivalence of HOlet-rewriting wrt to HOCRWL [7] declar-
ative semantics. Along the way we have extended HOCRWL to cope with lets,
and established new compositional properties of HOCRWL semantics.

e We have lifted HOlet-rewriting to a notion of HOlet-narrowing which is able
to bind variables to patterns, even HO ones representing intensional descriptions
of functions. We prove soundness and completeness of HOlet-narrowing wrt.
HOlet-rewriting.

e We have recast within our framework the definition and proof of correctness
of bubbling, an operational rule investigated in [3,2] using term graph rewriting
techniques. Apart from extending it to HO, this case study illustrates quite well
the power of using indistinctly rewriting and/or semantic-based reasoning.

e To close the panorama, we have formally proved that translation from HO
to FO, a technique actually used in the implementations of FLP systems, still
works properly when let-bindings with call-time choice are considered, while
previous works [9,4] consider only deterministic functions.

The first three points have been conceived as an extension to HO of our
previous work on the FO case [19, 18]. However, adapting it has not been routine;
on the contrary, some results have been indeed a technical challenge.

Our wish with this work, jointly with [19, 18], is to have provided founda-
tional pieces useful to understand how a FLP computation proceeds, serving
also as suitable technical basis to address in the call-time choice context other
operational issues (rewriting and narrowing strategies, residuation, program op-
timization, types in computations,. .. ), all of which are lines of future work.
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A Proofs of the results

We give here the proofs of the results. The results themshelves have not been re-
peated. The appendix includes also many more auxiliary results. For the sake of
readability we have sectioned the appendix following the structure of the paper.
Many times we refer to proofs ‘for the first order case’. This points to proofs in
[19] or [18] (long version in http://gpd.sip.ucm.es/fraguas/papers/LlongWLPO7 .pdf ).

2 Preliminaries: HOCRWL

Proof (For Theorem 1, Compositionality of HOCRWL semantics). We prove
both implications in (i), and for the = part of (i) we prove also (ii).

Assume Cle] — t.

The cases when ¢ =L or C = [ ] are trivial just taking s = ¢ (and in these cases
(ii) does not apply).

For the rest of the cases, we reason by complete induction on the size K
of the derivation of Cle] — t. We assume then that the implication is true for
any size < K. We need in addition distinguish cases according to the shape of
Cle] — t and its derivation, following the rules of HOCRWL:

(RR) Cle] =t = X — X: this can only happen if e = X and C = [ ]
(DC) Cle] »t=hey...en — hty...t,, where hty...t, is a partial pattern. The
derivation must take the form

61—>t1...€n—>tn
hei...e, =hty...t,

Now we split the proof in two subcases:

eec=nhe...e for kK < n (k= n corresponds to C = [ ]). We take
s =h t1...ty, for which there are derivations e — s and C[s] — t given
by

el—vtl...ek—btk
hei...e, >hty... 1

and
t1 =t g >tk eyl > Tpr1...6p = Tp
htl...tk €k+1.--€En —Dhtl...tn
with sizes < K and < K respectively? .

e ¢; = C'le], for some 1 < i < n. Then we have C'[e] — ¢; with size
K' < K. Ift, =1 or C' =[], it is enough to take s = t;. Otherwise, by
the HI, there exists s such that e — s with derivation of size < K’ (and
hence < K) and C'[s] — t; with derivation of size < K’. Since C[s] =
hep...C's]...en, we can build the following derivation of C[s] — ¢

4 We are using here (and we will do several more times) the easy fact that for any
pattern ¢, t — t can be proved with a derivation not larger than any other derivation
e —t.



er —=>t1...Cl[s] = ti...en =ty
hel(f’[s}en—»htltztn

of size < K.
(OR) Cle] »t=fer...ep a1...ay — t where f € FS™. The derivation must
have the form

er—>ti...ep =2ty TA1...Qpm T
fe...epar...apm—t

where f t1...t, —r €[P]L.
Now we split the proof in four subcases:
ec=fe...e for kK <n. We take s = f t1...t, for which there are
derivations e — s and C[s] — ¢ given by
el—btl...ek—btk
f€1...€k—>ht1...tk

and
tl Abtl...tkibtk €k+1 wtk_,_l...en Tay...Qmn wtn
fti o thegy1...epar...am—>t

with sizes < K and < K respectively.

ec = fe...ep a1...0ag, for 0 < k < m, which corresponds to C =
[] @kt1---am (E = m would correspond to C = [ ]). Now, consider
e =ray...ax, sothat r ay...a, = C[¢’]. Since r ay...a,, — t has a
derivation of size K’ < K, we can apply the TH to C[e'] (since t #1,C #
[ ]) obtaining s and derivations for ¢/ — s and C[s] — t with sizes < K’
and < K'. We only need to show that ¢ — s for which we can build the
derivation

e —>ti...ep, =>t, T"ay...a > S

fel...epar...ax —s
which has size < K.

o ¢; = C'[e], for some 1 < i < n. In this case the proof proceed in a very
similar way to the second case of (DC).

e a; =C'[e], for some 1 <4 < m. Consider C" =r ay...C"...apm, so that
C'le]=ray...a;...an, and therefore we have a derivation of C"[e] — ¢
of size K’ < K. By the TH, there exist s and derivations for ¢ — s
and C"[s] — t os sizes < K’ (hence < K) and < K’. Now, just notice
that C"[s] = r ay;...s...am and C[s] = f e1...ep a1...5...ay, and
therefore we have a derivation for C[s] — ¢ of the form

ep—>ti...eqp, —>t, T7a1...8...0y >t

fel...epay...s...a,m =t
and with size < K.

The proof becomes almost immediate if we use the calculus HOBRC of
[7], which is shown there to be equivalent to the calculus of Fig. 1 for proving
statements e — t. Notice however that HOBRC is able to prove also more general
statements of the form e — €', for which the following simple stability can be
proved by a straightforward by induction on the structure of C:

Lemma 8. ¢ — ¢ = Cle] — C[¢/], for any e, €



We can now proceed with the proof of <. Assume e — s and C[s] — ¢. Then,
by the previous lemma Cle] — C[s], and by the transitivity rule of HOBRC we
obtain Cle] — ¢ as desired. Notice that transitivity of — is the only rule used
from HOBRC.

3 Higher order [et-rewriting

Firstly we introduce an alternative (but equivalent) version of the HOCRWL;,
calculus that will make easier some proofs in this section and also in Sect. 6.
The variant HOCRWL ., is presented in Figure 4.

(B)m (RR) P zeV
(DC) he;f .t;m. _D thjf’zm he X, if hty... .ty is a partial pattern, m > 0
(OR) er—=>t1... en >ty Tt if t is a partial pattern
fel...en >t (f ti,... tn = 1) €[P]L
(Let) elle:thz :12 [zii/;l]:tt if t is a partial pattern
(Ap) e1 =t eelge—:tj}thtg—bt

Fig.4. HOCRWL’;¢;: an alternative to HOCRWL¢:

With respect to the original version HOCRWL;.; introduced in Sect. 3, in
this calculus the rules (OR) and (Let) are modified and a new rule (Ap) is
added. Both presentations are equivalent in the sense that they prove exactly
the same approximation statements as shows the following result.

Lemma 9 (Equivalence of HOCRWL;.: and HOCRWL:). For any let-
expression e we have [e] HOCTWhit = [e[HOCRWLi.,

Proof. 1t is a direct application of Lemma 2. The only case in which the deriva-
tions are really different is when e = (e1 es). In this case by the cited Lemma
we have in HOCRWL;:

te [[61 62]] sSte U U [[tl f,g]] & dty e [[61}],752 S [[62]].t1 to =t
t1€fe1] ta€fe2]

But then, in HOCRWL’.; we can build the proof:

el—btl 62—>t2 (tl tg)—bt

(61 62) — t

Notice that the implications are bidirectional.



Proof (For Theorem 2, Weak compositionality of HOCRWL,e; semantics).

The proof becomes easier using an alternative version of HOCRWLj¢; intro-
duced in Fig 4.

We must prove C' [e¢] — ¢ < Js such that e — s and C' [s] — ¢. By induction
on the size of the proof for C [e] — t. The base case only allows the proofs
Cle]—L1,CleJ=X — X and C [e] = h — h with h € Pat, that are clear.

Now, for the inductive step we consider the rule applied:

(DC) If the proof is:

61—'>t1...€n—i>tn

h61 en—bhtl tn
and C [e] = h ey ... e, we have two possible situations:
e Clej=her ...(C" [€])...en, ie., e is a subexpression of some e;. In

this case, by i.h. ¢’ [e] — ¢} < Js € [e] such that C’ [s] — t/. Then
C[s] = her...(C" [s])...en and it is direct to build the proof for
C [s] —t.

e Cle]=C"lhey...ep] with C' =] egy1-..e, (with k& > 0). We can take
s=hty...t; € [e] and build the proof:

htl ...tk—bhtl ...tk €k+1_‘>tk+1~'~en_‘>tn
C[S]:(htl tk) €k+1 - 6n41>ht1 ...tk tk+1...tn

(OR) The proof is similar to the previous case.
(Let) It the proof is:
€1 —> tl €2[X/t1] — t

let X =e;in ey —t

We have two possible situations:
o Ce] = (let X =C"in e3) [e], with e; = C’ [e] (e is a subexpression of
e1). By i.h. we have e; — t; < Js € [e] such that C” [s] — ¢1. Then we

have:
Cl [5] —> tl 62[X/t1:| —> t2
Cls]=let X =C"[s]inex —t
o O [e] = (let X =e1 in C') [e], with ea = C’ [e] (e is a subexpression

of e3). We have ex[X/t1] = (C' [e])[X/t1] = C'[X/t1] [e[X/t1]], but as
X € BV(C) it must be X ¢ FV (e), and then es[X/t;] = C'[X/t1] [e].
By i.h. es[X/t1] = C'[X /1] [e] — t2 < Ts € [e] such that C'[X /1] [s] —
t. Now we can build:
e1 =t (C'[s)[X/t] =) C'[X/t] [s] -t
Cls]=let X =e1inC' [s] =t

The equivalence (*) comes from: as X ¢ FV(e) and e — s then X ¢
var(s) (s can introduce fresh variables, but not X).

(Ap) Tt the proof is:
61—>t1 62—!>t2 tl t2_'>t
€1 €2 —> t

Again we have two possible situations:



o (' [e] = (C' e2) [e] being e a subexpression of e;. By i.h. we have C’ [¢] —
t1 < s € [e] such that C’ [s] — t;. It is easy to build the proof for
(C'eq) [s] =t

e C [e] = (e1 C') [e] being e a subexpression of es. Similar.

This ends the proof of the main part of the theorem. With respect to con-
sequences (i), (i) , and (iii), the first two follow easily: for (i), (e ¢’) = C|[[Je]
where C = ([ ] €’), and we can rename bound variables in e’ to avoid clashes
with free variables of e. Then it suffices to apply the main part. The case (i) is
similar.

For (iii), we can reason again that let x = e in ¢ = C[[Je] where C = let z =
[]in €', and from the main part (as before, renaming in e’ if necessary) we obtain
llet z = e in €'] = U,epllet = =t in €']. Now, using that let z =t in €’ is not
inside any context and ¢t € Pat |, it is easy to prove, by reasoning directly over
the HOCRWL rule for (Let), that [let x =t in '] = [¢/o], where o = {X/t}.

Proof (For Proposition 1). We define for any e € LExp the size (k1, ka, k3, k4),
where

k1 = number of subexpressions in e to which (LetAp) is applicable.
ko = number of subexpressions in e to which (LetIn) is applicable.
ks = number of lets in e.

k4 = sum of the levels of nesting of all let-subexpressions in e.

Sizes are lexicographically ordered. We prove now that application of (LetIn),
(Bind), (Elim), (Flat), (LetAp) in any context (hence, also the application of
(Contzt)) decreases the size, what proves termination of HZ\FApp. The effect
of each rule in the size is summarized as follows (in each case, we stop at the
decreasing component):

(Letn): (=,<,-,-)
(Bind): (=,=,<,-)
(Elim): (<, <, <,)
(Flat): (=,=,=,<)

(LetAp): (<, )

Lemma 10 (Substitution lemma for let-expressions). Givene,e’ € LExp |,
0 € LSubst; and X €V such that X & dom(0) and X ¢ vRan(0), then

(e[X/€'])0 = ef[ X /e'0)
Proof. This proof almost identical to the corresponding proof in first order,
which proceeds by induction on the structure of €/, just replacing the case for

e = h(ey,...,e,) with the following cases:

— e = h € X trivial, because h is not affected by any substitution.



— e =e1 ey: Then
(e[X/€)0 = (e1 e2)[X/€']0 = (ex[X/€']0) (e2[X/€']0)
=pr1 (e10[X/e'0]) (e20[X/e'0]) = (e1 €2)0[X/e'0] = ef[ X /0]
Lemma 11. For any 6 € Susbst,, C € Cntxt and e € LExp, such that
dom(0) N BV (C) = vRan(#) N BV (C) = 0, we have (Cle])0 = CH[ef).

Proof. This proof is again very similar to the corresponding proof in first order,
just replacing the case for first order application with the cases for the two kinds
of higher order application context:

— C=C" a: Then

(Cle])0 = (C'[e] a)8 = (C'[e]d) (ab) =1 (C'O[eb)]) (ab)
0] = ((C']] @)0)[ed] = CO[eb]

= (a (C'le]))0 = (ab) (C'[e]0) =1m (ab) (C'0[eb)])
= Coled)

—
s}
—~
QA
<
=
~—
>
~—
Y
=
I

Lemma 12. V¢t € Pat),|t| =t
Proof. A simple induction on the structure of patterns.

Lemma 13. For any h € X, 0 € Susbt),ey,...,ey € LExp,,m > 0 we have
(hei...em)og=h (e10)...(enmo)

Proof. A simple induction over m, using left associativity of application.
Lemma 14. For any e € LExp,,t € Pat, :
a) |let X = e in t| = t[X/le]]
b) [t[X/ell = t[X/le]
Proof. a) is just a consequence of b), as |let X = e in t| = |t[x/e]| = t[X/|e]].
And we can prove b) by induction over the structure of the pattern ¢.
Base cases
— t=X. [t[X/e]| = |X[X/e]| = le]| = X[X/|e]] = t[X/]e]]
—t=Y ZX. [t[X/e]|=|Y[X/e]| = Y| =Y =Y [X/|e|]] = t[X/|e]]

—t=heCS™",m>0orheFS" n>0.|t[X/e]| =|h[X/e]|=|h|=h=
h[X/lel] = t[X/|el]

Inductive step
—t=ct...tm,c € CS™,0 < m < n. [t[X/e]| = |(c t1...tm)[X/€]]

Zlemmals |¢ (t1[X/€]) ... (tm[X/€])] =Jef. of shell € [t1[X /€]l ... [tm[X /€]l
=1 c (t[X/|el]) ... tm[X/le]]) Stemmars (¢ t1 ... tn)[X/|e]] = t[X/|e]]



—t=ft1...tm, f € FS",0<m < n. Very similar to the previous case.

Proof (For Lemma 1, Monotonicity of hypersemantics). By induction on the
structure of the context C:

Cntzt>Cu=[]|CeleCllet X=Cinel|let X=einC

Base case :

— C = []: then Cle] = e and Cle] = €/, therefore the lemma follows from
the hypothesis.

Inductive step :

— C=C"a:soCle] = (C'le]) a. Let 6 € PSubst, be such that ((C'[e]) a)d
((C'[e])0) (aB) — t. Then by theorem 2 there must exist s; € [(C'[e])
such that s; (af) — t. But by IH [C'[e]] € [C'[¢']]], so s1 € [(C'[¢])
and ((C'[¢])8) (ab) — t by theorem 2 again we have (C[¢/])§ — t.

== |||

—C=aC("soCle] =a (C'[e]). Let € PSubst, be such that (a (C'[e]))f =
(af) ((C'[€])#) — t. Then by theorem 2 there must exists sy € [(C'[e])0]
such that (af) s; — t. But by IH [[C'[e]] € [C'[¢']]], so s2 € [(C'[¢])0]

and (af) ((C'[€'])0) — t by theorem 2 again we have (C[¢/])§ — t.

— C=let X =C"in ey: then Cle] = let X = C'[e] in e1,Cle'] = let X =
C'l€'] in ey. Let 6 € PSubst, such that (let X = C'[e] in e1)0 — t, then
the proof must be done using the rule Let in the form:

(C’[e])9 — tl ele[X/tl] — 1

let X = (C'le])0 in e10 — ¢
As [le]] € [e']], then by i.h. (because C’ is a part of C) we have [[C'[e]] €
[C’'[€']]] and then ((C'[e])§ — t1) implies ((C'[e])0 — t1). Then we have:

et

Hyp
Let

CTeNo —t T eoXjt] — 1t
let X = (C'[e'])0 in e10 — ¢
— C=let X =e1 in C': then Cle] = let X = ey in C'[e]. Let § € PSubst
such that (let X = ey in C'le])0 — ¢, then the proof must be done by
rule Let in the form:

€10 —t1 (C'le])0[X/t1] — t

let X =e10in (C'le])d —t
We have [[e]] € [[¢']] and then, by IH, [[C’[e]] € [[C'[¢/]]- On the other
hand ([X/t1] 0 0) € PSubst, , so (C'[¢’])0[X/t1] — t and then:
IH

a0 =, 9P (X ] —
let X =e10in (C'[e']) — ¢

Let



Proof (For Lemma 2, One-Step Hyper-Soundness of HOlet-rewriting). The cases
of (Contz), (Elim), (Bind), (Flat) and (Fapp) are very similar to the first order
case.

(LetAp) (let X = ey in ey)es—llet X = ey in eges, if X & FV (e3)

Given 0 € PSusbt| such that P Forwr,., (let X = e1 in eze3)d — ¢ then
P }_CRWLM ((let X = €1 n 62)63)9 — t:
If Pbterwr,., (let X = ey in eze3)d = let X = €10 in (e20)(e3f) — t, it must
be with a proof:

619 —> tl ((629)(639))[X/t1] — t

let X = e10 in (ex6)(e30) — t

So we can build a proof for P Ferwr,,, ((let X = e1 in ez)es)d = (let X =
e10 in e20)(ezb) — t:

610 — tl (GQQ[X/tl])(Ggo) = ((620)(630))[X/t1] — 1
(let X =e10 in e20)(esd) — t

Let

Because, as X ¢ FV(e3) by the premise of (LetAp) and X ¢ vRan(6) by the
variable convention, then X ¢ FV (e3), so ez = e30[X/t1] and also
(e20[X/t1])(e30) = (e20[X/t1])(e30[X/11]) = ((e20)(e30))[X /1]

(LetIn) e; ex—llet X =eyine; X
if es is an active expression, variable application, junk or es = let Y =
e in e’ with X € V fresh.

Given 0 € PSusbt, such that P Ferwr,,, (let X = eq in e; X)0 — t then
7) }_CRWcht (61 62)9 — t:
If Prorwr,., (let X =egine; X) — t it must be with a proof:
620 —> tg ((619) X)[X/tz] = (610) t2 — 1
let X =egfin (e10) X —t

et

By the variable convention and the freshness of X, (let X = es in ey X) =
let X = eq0 in (e10) X and ((e16) X)[X/ta] = (e10) t2. But then by theorem 2,
as ta € [e2f] and (e10) t2 — ¢ then it must happen (eje2)0 = (e10) (e20) —» t.

Proof (For Theorem 3, Soundness of HOlet-rewriting). (i) Lemma 2, plus an
obvious induction over derivation lengths, implies that [e1]] € [le2]], and then
[e1] C [ez] (just take 6 = €). It can be shown that, for any €', |¢/| € [¢/]. But
then |e’| € [e], what exactly means that e — |¢/|.

(#) From (i), we get e — |¢t|. But |t| = ¢, since t is a pattern.

The following simple lemma will be useful to prove lemma 3:

Lemma 15. For any h € X t1,...,t, € Pat if h t1...t,, € Pat then we have
|hty...tm| =L and h t1 ...ty is an active expression or junk.



Proof. By a case distinction:

— h € FS™ Then m > n because otherwise h ti...t, € Pat, but then
|h t1...tm| =L because it is an active expression.

— h € CS™ Then m > n because otherwise h ti...t, € Pat, but then
|h t1...tm| =L because it is junk.

Proof (For Lemma 3, Weak peeling lemma). Given m > 0 let ¢ : Exp — N
® be defined as i(h e1...e,) = minj € {1,...,m} | e; € Exp\ Pat if there
exists some e; € Exp \ Pat, i(h e ...en) =m+ 1 otherwise, and 7 : Eap = N
be defined as w(h e1...ep) =m+1—i(h er...ey). Then it is easy to prove
that for any expression e = h e;...e,, we have 0 < w(e) < m. We proceed by
induction over the lexicographic product (size(e),n(e)), where size(e) is equal
to the number of symbols of X' or variables, appering in e.

Base cases ¢ = h: Then we are done with h—>th for X = 0.

Inductive step ¢ = h ey...e,, with m > 0. If e;...e,, € Pat then we are
done with h ey ... emﬂloh e1...em, for X = (). Otherwise e has the shape
e=hty...ti—1€...ep withi > 0,t1,...,t,_1 € Pat,e; € Exp\ Pat. Then
we can do a case distinction over e;:

a) e; = X & with & # 0, because otherwise ¢; = X € Pat. But then

e = ((h tl .. -ti—l) (X a)) €it1-.-Em
—llet Vi=Xe inhty...ti 1 Y;) €is1...en by (Letln)
—Ulet Yy =X & inhty...ti1 Y €i41...€m by (LetAp*)

By (Rule*) we always mean zero o more applications of (Rule). Besides,
size(h t1...ti—1 Yi...em) < size(e), as X €, with size(X &) > 2
(as & # 0), has been replaced by Y;, with size(Y;) = 1. So, by IH,
hti...tiiy Yi...em—'let X =a in h ty...t, under the conditions
stipulated, so

letE:Xainhtl...ti,1Y;'6i+1...€m
St Yi=Xeinlet X =ainhty...ty

Then | X &| =L ase; # 0, and it is easy the check that all the conditions
of the lemma are fulfilled.

5 We use — to stress that this is a partial function, as it is only defined for functor
applications.



b) e, = h; & € Pat,h; € X. Ab e properly contains e; then size(e;) <
),

szze( SO by IH ¢, = h; g—' “let X, = a; in h; t;. But then:
€= ((h tr..tic1) (hi @) eix1...em
((h t1...ti_1) (let X; = a; in h ti)) €it1---€m (IH)

(let Yz = (let X;=a;inh;t;)in hty...t;_1Y;) €it1...en (Letln)
—>l*let Y; = (let X; =a; in hi &) in hty...ti_1 Y €11 ...em (LetAp¥)
Hl*let X;=a;inletY;, =h; E inmht...t;_1Y; €it1---Cm (Flat*)

Besides, size(h ty...ti—1 Y; €41 ...en) < size(e), as e;, with size(e;) >
1, has been replaced by Y;, with size(Y;) = 1. But as ¢1,...,t,-1,Y; €
Pat then 7T(h t1 tic1Yieit1...em) <m+1—(i+1)=m—i <m+1—
i=n(hty...ti—1€;...em)=m(e),sobyIHhty...t;1Y; ei+1...em—>l*
let X =ain h ty ...t under the conditions stipulated, so

letXi:ai inlet}Q:hiEinhtl...ti,lYieiﬂ...em
—let X, =a;inlet Yy =h; &, inlet X =ain hty...t, by IH

And then we have two possibilities:
i) h; t; € Pat: Then

let X;=a;inletYy=h; t;inlet X =ain hty.. .ty
—let Xy =a;in (let X =ain hty...t,)[Yi/hi t;] by (Bind)

Note that by t; = Y; because Y; € Pat, as Y; was fresh then it

does not appear in t1,...,t;-1,€;—1,...,em, 50 as a and t;41,...,tm,
come from the IH applied to h t1 ...t;—1 Y; €;41 ... €y, then Y; cannot
appear in @ nor t;41,...,ty,. So

let Xi = a; mn (letX:ainhtl...ti,l Y; ti+1...tm)[y;'/hi E]
=let Xy=a;inlet X =ainhty...ti1 (hi ;) tiz1 .. tm

and it is easy the check that all the conditions of the lemma are
fulfilled.

ii) h; t; € Pat: Then by lemma 15 we have |h; t;| =L, so it is easy the
check that all the conditions of the lemma are fulfilled.

Proof (For Lemma 4). The consequence t C ¢'[X/ 1] holds just applying lemma
14. For the rest of the lemma we proceed by induction on the size K of the proof
for P Ferwr e — t, measured as the number of rules applied.

Base cases The reasoning is identical to the FO case.

Inductive step Let us see which rule was applied in the root of the proof for
P l_CRWL e —t:



DC Then we have e = h ey ...e,, with m > 0, h € CS™ with m < n or
h € FS™ with m < n, and the following proof:

61—‘>t1 em—btm

hel...em—bhtl...tm DC
N—_—— N—_——

e t

But then appliing Th. 1 over h ey ...e, — h ty...t,, we get:

— hey...em_1 — s forsome s; € Pat; and with size(hey...ep_1 —
81) < K.
— 81 em —> h ty ... 1y, with size(s; e, = hty...t,) < K.

As sy ey — hty...t,, #£1 then s; Z1. But then, as by the conditions of
DC it must happen h € CS™ with m <n or h € FS™ with m < n, the
only rule that could have been applied at the root of h ey ...e,_1 —> s1is
DC,s0s1 = huy...uUy,_1 forsomeuy,...,u,_1 € Pat,.But then, with
a similar reasoning, as h t1...t,, ZL then sy €, = h uy ... Up_1 €y —
h t1...t, must be proved applying DC at the root, with a proof like
the following:

U1 =t ... Um—1 > tm_1 em —tm

hui...Um_1 €mn —>hty.. .ty DC
—_——— —_——

S1 t

Besides, as each u; € Pat; and u; — ¢; then ¢; Cu; fori € {1,...,m —
1}. Now, as size(h e1...epm-1 — $1) < K and s; #L then by IH
hey... em_lﬂl*let X1 = aj in s} under the conditions stipulated, with
51 hup...oumo1 C $i[X1/ L], s0 8§ = h u)...u,_; with u; C
uwi[X1/ L] for i € {1,...,m — 1}. So we can do:

hei...en
—llet X1 =ajin hu)...u), ;) en by IH

cYm—1

—let Xy =ayinhuy... v, | en by (LetAp*)
Now we have to do a case distinction over t,,:
a) If t,, ZL1 then as size(en —» ty) < size(sy ey — hty...ty) < K

we can apply the TH getting emﬂl*let Xm = ap, tn t), under the
conditions stipulated. We have two possibilities:

— If X,, = 0 then

let X1 = ayinhu} ... v, | em—' let X1 =ayinhul ..., |t
and we are done, as h vy ...u),  t/. € Pat, az C Exp and
lai]=LbyIH,and t =h t;...t,, C (huy...ul, 4 t,,)[X1/ 1]

m—1



because t; T u; C w[X;/ 1] by IH, ¢, C ¢/, by IH, and

t, =t [X1/ 1] as X; are were created fresh in a derivation
in a position parallel with respect to the position of e,,.

If X,, # 0 then we can do:

let Xy =ayinhuy...u, | en

—Ulet X1 =ay in huy...ul, (let Xpn = am in t.)) by IH
Slet X1 =ay in

let Y =(let Xy =amint)inhuy...u, ;Y by (Letln)
— et X =ajin

let Xpp =am inletY =t inhu)...u,_ 1Y by (Flat*)

—llet X1 =ay in let X, = ap, in houfy ... t,. by (Bind)

m—1

And we are done, it is very easy to see that all the conditions are
fulfilled reasoning in a similar way as we did in the previous case.

b) If ¢, =L we do a case distinction over e,,:

i

ii)

iii)

em € Pat. Then we are done as h uj...u] € Pat by IH,

cYUm—1
which implies h v} ...u), 1 ey € Pat; ag C Exp and |a7| = L
by IH, and t = h ty ...t C (hu)...u), ; ey,)[X1/ L] because
t; Cu; Cuf[Xy/ L] by IH, t,, =LC ey, and e, = e, [ X1/ 1]
as X are were created fresh in a derivation in a position parallel
with respect to the position of e,,.

eém = X €n. Then we can do:

let Xy =ayinhuy...u,,_1 (Xm @n)

—let X1 =ay inlet Z =Xy, &y in hu!...u!, | Z by (LetIn)
And we are done, it is very easy to see that all the conditions
are fulfilled reasoning in a similar way as we did in the previous
case, taking account of |X,, &,| =L and LC X,, &,.

em = hm €n & Pat, h,LE Y. Then by lemma 3 we have h,, a_f‘

let X = am in hy, t,, such that t. C Pat, @, C Exp and
|@| = L. Then we have two possibilities:

— If X,,, = 0 then it must happen &,, C Pat because otherwise
some let should be introduced to fulfill lemma 3. So by lemma
15 we have |h,, €,| =L being h,, &, active or junk, and we
can do:

let Xy =ayinhuy...u,_q (hm €n)

—llet X1 =ay inlet Z = hy, &y in h v} ...u), | Z by (Letln)

s Ym—1



And we are done, it is very easy to see that all the conditions
are fulfilled reasoning in a similar way as we did in the previ-
ous case, taking account of |h,, €,| =L and LC h,, &,.

— If X,,, # () then we can do:

let Xy =ayinhuy...u,_q (hm €n)

— et X1 =a;in
houl...ul,_y (let X, = apm in hy, t,) by lemma 3

—llet X1 =aq in
let Z = (let X, = ap, in hy, t),) in
huyp...u, 1 Z by (LetIn)

cYm—1
— et X1 =a; in
let X,,, = am ini
let Z="hpt,, inhuy...u, | Z by (Flat¥)

If by, t,, & Pat we are done, because as h,, € X and t],, C Pat
then |hy, t/,| =L by lemma 15, and it is very easy to see that
all the conditions are fulfilled reasoning in a similar way as
we did in the previous case, taking account of @,, C Fxp and
|@m| = L by lemma 3, and 1LC Z.

On the other hand, if h,, t/, € Pat we can now do

let X1 =aj in
let X = am inlet Z =hpy tl, inhuy...ul, | Z
—llet X1 =aj in
let Xp = apm in huy...ul, 1 (hy t,) by (Bind)
And we are done, it is very easy to see that all the conditions
are fulfilled reasoning in a similar way as we did in the previ-

ous case, taking account of LT h,, t/,.

OR Then we have case e = f e1...€e, g1-..Gm-. In case n = 0 we have the
following proof:
(ro)gi...gm —t
f g1 gm —t
for (f — r)o € [P]L. But then we can define o’ as the substitution built
from o replacing every L that appears in some expresion in ran(c) with
some fresh variable. Then ¢ C ¢’ and ¢’ € PSubst, so by monotonicity of
HOCRWL-derivability, we have (ro’)g; ...gm — t with a proof of the same
size of (ro)gy ... gm — t, so we can apply the IH getting (r0”)g1 . .. gm—""
let X = a in t' under the conditions stipulated. But then:

OR

fai - gm
—(ro’) g1...gm by (Fapp)
—llet X =aint’ by IH




and we are done.

In case n > 0 we can apply lema 1 to fey...e, g1...9m — t getting:
— fe...en_1 — s1 for some s; € Pat; and with size(f e1...ep—1 —
81) < K.
— 81 €n g1...gm — t with size(sy1 e, g1...9m — t) < K.

As s1ep g1-..Gm — t Z1 then s; L. But then, as f € F.S™ (because we
require that the program rules respect the arity of the functions) and s; Z.1,
the only rule that could have been applied at the root of f ey...ep_1 — 51
is DC, s0 sy = f uy...u,—1 for some uy,...,u,_1 € Pat,. But then, with
a similar reasoning, as sy €, g1...gm = f U1 ... Up—1 € g1 ---gm 1S a total
or over application then s; e, ¢1...9m — t must be proved applying OR
at the root, with a proof like the following:

up =ty ... Up—q P tp_1 ep >ty (T0) g1...Gm —1

fur...up_1 €eng1...gm —>t
| ——

OR

s1

for (f p1...pn — 7)o € [P]L with po =t and p C Pat lineal. Besides,
as each u; € Pat, and u; — t; then t; C u; for ¢ € {1,...,n — 1}. Now,
as size(f e1...ep—1 — s1) < K and s; Z1 then by IH f e1...en_1—""
let X1 = ay in s} under the conditions stipulated, with s1 = f uy ... u,—1 C
si[X1/ L], s0 8y = fuy... ul,_q with u; Cul[Xy/ L] forie{1,...,m—1}.
So we can do:

fer...engi...gm
—llet Xy =ar1in fu)...u, ;) eng1...9m by IH

—let Xy =ayin fuy ... v, | engi...gm by (LetAp*)

Now we have to do a case distinction over t,,:

a) If t, #£L1 then as size(e, — t,) < size(s; en g1...9m — t) < K we
can apply the IH getting e,—!"let X,, = a,, in t), with t,, C ¢ [X,,/ L],
under the conditions stipulated. But then

let Xy =ayin ful...u,_1 € g1.. - 9gm
—let X1 = ay in let X, = an in f uy.ooul g1 gm

in a similar way as we did in the case for DC, using (LetIn), (Flat*)
and (Bind) in case X,, # (). Besides, as t T uy,...,u,_1,t,[X,/ L] C
uf[Xa/ L], o ul [ X/ L[ X/ L] T ol ... ul,_q,t), there exists
some ¢’ € PSubst such that po’ = uf,...,ul,_;,¢ and o C o’. But then,
as (ro) g1...gm — t then (ro’) g1...g9m — t with a proof of the same
size. As size((ro) g1...gm — t) < size(s1 €, g1 ...gm — t) < K we can

apply the IH to (r0”) g1 . . . gm —> t getting (ro”) g1 ... gm—' let X = aint’




under the conditions stipulated, so we can chain:

let X1 =ajinlet X, =apin ful...ul,_1t, g1...9m

—Ulet X1 = ay in let X,, = ay, in (re’)yg1...gm---gm by (Fapp)
—let X1 =ay in let X,, = ap, in let X = a in t' by TH

And we are done, it is very easy to see that all the conditions are fulfilled.
b) If t, =L we do a case distinction over e,:

i) e, € Pat. Then ty,...,t,—1, LCu),...,ul,_4,e, and
uwy,...,ul,_q,e, C Pat and then there exists some o’ € PSubst to
apply (Fapp)with which proceed as we did in the previous case.

ii) e, = X, €,. Then we can do:

let Xy =ayin fuy...u,_; (Xn&) g1-.-9m
—Ulet Xy =ayinlet Z=Xpeqin ful...u, 1 Zg1-..9m

Using (LetIn), (LetAp*). But then t1,...,tp—1, LC uf, ... ,u),_1,Z
and u},...,ul,_1,Z C Pat, so we can proceed like in the previous
case.

iii) e, = hy, €, € Pat,h,, € X. Then we can proceed in a similar way as
we did in DC, applying lemma 3 to get
let Xy =ayin fu)...u,_; (hn€) 91 -9m
—Ulet Xy =ayinlet X,, =an in fuj...ul,_ 1t g1...9m

For some t!, € Pat, so we can proceed like in cases i) and ii) applying
(Fapp) and the HI over (ro’) g1 ...gm — t.

Proof (For Theorem /4, Completeness of HOlet-rewriting). Part (i) is simply
Lemma 4, taking ¢’ = let X =a in t'. For part (ii), Lemma 4 ensures t C

t'[X/ L]. But since ¢ is total, it must be the case that ¢t = ¢'[X/ 1], and therefore
the variables X cannot appear in ¢/, and we conclude that ¢ = ¢. But then we
can apply (Elim) to ¢’ = let X = a in t, obtaining ¢’—'t, and therefore e—l"t.

Proof (of Theorem 5, Equivalence of HOlet-rewriting and HOCRWL-derivability).
This result simply joins together part (ii) of Theorems 3 and 4.

4 Higher order [et-narrowing

Proof (For Lemma 5, Closedness of —% under PSubst). The proof is almost
identical to proof for the first order version of —!, just adding a straightforward
case for (LetAp), and using the fact that for (LetIn’) it does not matter if e; was
a variable application and e;0 € Pat, because we can extract it to a let anyway.



Proof (For Theorem 6, Soundness of ~' wrt —%). It is easier to prove the
result for a variant of ~»! that uses (VNarr) (see Sect. 4) instead of (VAct) and
(VBind). Since that variant defines a larger relation, proving soundness for it
implies proving soundness also for the original (smaller) relation. The detailed
definition for (VNarr) is:

(VNarr) X e~y t (e[X/t]), for any ¢ € Pat

besides, when combined with (Contx) it must happen that var(t) are fresh and
X ¢ BV(C).

First we will prove the soundness of narrowing for one step, and see that for
one step the lemma is true using —! instead of —%, that is, that e~~Lge’ implies
ef—le’, if the rule (VNarr) was not used, or e0—1"¢’ if the rule (VNarr) was
used. We proceed by a case distinction over the rule used in e~s%ge’.

(X) Very similar as the first order case, new cases for the rules (LetAp) and
(LetIn) are straightforward.

(Narr) Then we have f t~Lgr6 for (f p — r) € P fresh, § € PSubst such that
t0 = pb. But then (f p — r)0 € [P] and besides (f p—r)d = f pd — 70 =
ft0 —rf,s0 (ft — r)0 € [P] and we can do e = f t6—'r0 = ¢’, by (Fapp).

(VNarr) Then we have X a~"x/yt (a[X/t]). But then ef = (X a)[X/t] =
t (a[X/t]) =€, so e0—1"ef = ¢'.

(Contxt) Then we have Ce]~%y CO[e'] because e~~Lye’. Let us do a case dis-
tintion over the rule applied in e~Lge’:

a) ewloe! = f t~Lorf by (Narr), for (f p — r) € P fresh, so f t0—'rf by
(Fapp), as we saw in the case for (Narr). Then (Cle])8 = (C[e])0|\var )
because the variables in var(p) are fresh as (f p — r) is. But then, as
dom(0)N BV (C) = 0 and vRan(0|\yar@)) N BV (C) = 0 by the conditions
in (Contx), and dom(0)N BV (C) = 0 implies dom(8|\varz)) VBV (C) = 0,
we can apply lemma 11 getting (Cle])0|\var@) = CON\var@) €0\ var@)] =
CO\var@)[f 101\varm)] = CO[f t0], because the variables in var(p) are
fresh again. Besides vRan(6|\ver@m)) N BV (C) = 0, so we can appply
(Contx) combined with an inner (Fapp) step to do (Cle])0 = CO[f 0] —!
CO[rf) = Co[e'].

b) evkoe’ = X a~Ex/yt (a[X/t]) by (VNarr). Then, as X ¢ BV(C) and
var(t) fresh by the conditions in (Contx), then dom([X/t]) N BV(C) =
vRan([X/t]) N BV(C) = 0, and so we can apply lemma 11 getting
éce[[e]%@ = (CIX a))[X/t] = CIX/U(X a)[X/t]] = CIX/t][t (a[X/t])] =

¢) In case a different rule was applied in e~Lge’ then 6 = e. Besides, by the
proof of the other cases we have e = ee = ef—'e’, so (Cle])0 = (Cle])e =
Cle]—!Cle'] = Cele'] = COle'].



Now we will try to prove the lemma for any number of steps —!, proceeding by

induction over the length n of e wgn e’. The case e «»»L e = ¢ is straightforward
0 n
because e—' e = ¢/. The problem comes for e~ e” wg e’, when trying to

chain the induction hypothesis: by IH e¢”y—!"¢’, and by the proof for one step
ec—!"e”, but as —! is not closed under PSubst we cannot chain these steps. But
as —! C —T then we have covered the base case for —%, and for the inductive
step we have e¢”’v—L"¢/ and ec—!" ¢”. But then ec—!" ¢’ implies eay—'" e,

. = *
by lemma 5, so we can chain eocy—!" e/’y—L"¢/.

Proof (For theorem 7).

a) If e ~L" ¢ then ef—""¢', by theorem 6, but then [¢/] C [ef] by theorem 3.
b) If e ng t then [t] C [ef] by a). But then as t € Pat implies t € [t] then
t € [ef], so ed—"t by theorem 4

Proof (For lemma 6). Let us proof the lemma for one narrowing step first, we
will see that if ed—'e’ then e~!, ¢’ under the conditions above. Let us do a case
distinction over the rule applied in ef—'e’

X € {Elim, Flat, LetIn, Let Ap} In this case lifting can be done very easily us-
ing 0 = e and 6’ = 0, just being a little careful in the case for (LetIn):
— If e5f is a variable application or a let-rooted expression then e, must
be also a variable application or let-rooted expression.
— If e50 is active or junk then it might happen:
a) ea = h to: Then h ¢, is also junk or active because h in e36 has the
same arity and is applied to the same number of arguments.
b) e; = Y t3: The only problematic case is that in which t5 = @) and
S0 eo =Y € Pat. But the only way it could happen with e26 being
active or junk, is that 8 = [Y/¢/] for some ¢’ active or junk, but then
0 ¢ PSubst, which contradicts the hypothesis of the lifting lemma.

Bind Then ef = let X = 510 in s90—'s90[X/s510] = €' with 5,0 € Pat. If
s1 € Pat also then the proof is straightforward and similar to the previous
case. Otherwise we will need the following lemma:

Lemma 16. Given e € LExp \ Pat,§ € PSubst if one has e € Pat then
e € Exp and Yo € O(e) such that e|, = X a3 ...ap with k > 0 then (X) =
hty...ty, withhe CS" m+k<norheFS"m+k<n.

Proof (Sketch). e € Exp because let expression do not disappear after ap-
plying substitutions. Using proof by contradiction, if 6(X) = h t; ...t,, does
not hold under those conditions for some X then some subexpression of e
is not a pattern.

Let S1 Esl[Zl Tl,...,
VZz € {Zh AR Zn}79(
and linear, so:

Zy, @) beb. As s10 € Pat, then by lemma 16 we have
Zi)=h

;) = hi t;. Now we define o(Z;) = h; U; for U; fresh

% With s1[,..., | we denote a context with several holes, defined as usual.



— dom(o) = Z C FV(s1) = FV(s1)\ {X}, because X cannot appear in s;
because there are no recursive lets. o o
— Ran(co) contains only fresh shallow patterns. vRan(c) = U, where U is

just an alias for |J U;.
— s10 = s1[hy a@...,hnm@] € Pat
- ZlJ[UZ/tZ] = hi Ul[Uz/tl] = hlﬁ = ZZQ

So we can apply (VBind) to do:

e=let X =51 in sow'y s90[X/s10] = €”

Let 0} = Y[U;/t;] € PSubst. Then dom(0}) = U and o6 = 0[Z], as we saw

before. Now we can define 6, = 6 and 6’ = 6, W0, which is correctly defined
as dom(0))) = dom(8) C W, and dom(6}) = U which are fresh. Now we will
see how the conditions in lemma 6 hold:
— Condition ) : 06’ = )W]: Given Y ¢ W
a) If Y € Z: Then YO = Yo0) because 0] = 0[Z]. As Y € Z then
Y € dom(o) and var(Y o) are fresh and do not appear in dom(6])) =
dom(6). But then Yo8) = Yoo.
b) If Y € W\ Z: Then Y ¢ dom(o) and var(Y o) Ndom(6;) = 0 by
definition, so by definition of 6 we have Y0 = Y6 = Y0’ =Y o0’
— Condition i) : €6’ = €’: By the variable convention X ¢ (dom(f) U
vRan(0)), so we can apply lemma 10 over e’ = s20[X/s10] = s2[X/s1]0.
We have seen X ¢ dom(c) and besides X ¢ vRan(c), so we also can
apply lemma 10 to get €’ = s90[X/s10] = s2[X/s1]o. But W D FV(e) =
FV(let X = s11in s3) = FV(s1) U (FV(s2) \ {X}) D FV(s2[X/s1]). So,
as o6 = 0]W], we have:

52| X/s1]0 0 = s2[X/s1]0
—— ——

" ’

— Condition i) : (dom(8’) UvRan(6')) N B = 0: Remember 6" = 6} & 6.
Regarding 6, the condition holds as 6, = 6, and (dom(0)UvRan(0))NB =
() by the hypothesis. Regading 6}, if Y € dom(0;) = U then Y is fresh
and so Y ¢ B. On the other hand, vRan(0]) = var(Jt;) € vRan(9),

and vRan(0) N B = () by the hypothesis, so vRan(0;) N B = 0.

€

Fapp Then e can have two possible shapes:
1. e= X ¢, with 8(X) = f @ € Pat. Then we have:



With an (Fapp) step ef = f @ (10)—'sy using a fresh variant (f p — s) €
P such that (X )0 = (f p)y for some v € PSubst. We can assume that
dom(y) C FV(f p — s) without loss of generality. But then dom(6) N
dom(vy) = 0, and so 6 Wy is correctly defined, and it is a unifier of X ¢
and f P. So, there must exists o = mgu(X %, f P), which we can use
to perform a (VAct) step, because 6 € PSubst and (X )0 active imply
t 0

e= Xt~y so=¢"

As this unifier is an mgu then dom(c) C FV(X t)UFV(f p), vRan(o) C
FV(X t)UFV(f p) and o < (8 W), so there must exists ] € PSubst
such that o] = 0¥ ~. Besides we can define 6 = 0|\ (gom (o )urv(x 7)
and then we can take 6’ = 6( W] which is correctly defined as obviously
dom(0() N dom(6;) = 0. Besides dom(0)) N (FV (X t)UFV(f p)) = 0,
asif Y € FV(X t) then Y & dom(6) by definition; and if Y € FV(f D)
then Y & dom(6) as D belong to the fresh variant, and so Y & dom(6})).
Then the conditions in lemma 6 hold:

— Condition i) : ’0' = €’: As €0’ = so6’ = so] because given Y €
FV(so), if Y € FV(s) then it belongs to the fresh variant and so
Y & dom(0) 2 dom(6}); and if Y € vRan(o) C FV(X t) UFV(f p)
then Y & dom(6}) because dom(6,) N (FV (X t)UFV(f p)) = (. But
so0] = s(0 W) = sy = ¢, because 0] = 0 W~ and s is part of the
fresh variant.

— Condition %) : 0 = 0[W]: Given Y € W, if Y € FV(X t) then

Y & dom(v) and so YO = Y (0 W) = Yob), as 0] = 0 W~. But
Yob] = Yob because given Z € var(Yo), if Z =Y then as YV €
FV(X t) then Z =Y ¢ dom(6}) by definition of 8(; if Z € vRan(o)
then Z & dom(6),), as we saw before.
On the other hand, W\ FV(X {))N(FV(X ))UFV(f p)) = W\
FV(XHONFV(X ) ) UW\FV(X HONEV(f D)) = DUD = 0, because
FV(f p) are part of the fresh variant. So, if Y € W\ FV (X t), then
Y & dom(o) C FV(X t) U FV(f p). Now if Y € dom(6}) then
Y0 = Y0, (by definition of (), Y6, = YO (as Y € dom(6})),
YO =Yoot (asY & dom(o)). 'Y € dom(67), YO =Y (0W~) (as
Y € W\ FV(X t) implies it does not appear in the fresh instance),
YOWwW~) =Yool (as 00] =0W~), Yoo, =Y0] (as Y & dom(o)),
YO, =Y0 (asY € dom(0])) and Y& =Y o0 (asY & dom(o)). And
ifY & (dom(6)) U dom(0})) then Y & dom(0'), and as Y & dom(o)
and Y=Y (0W~y), then YO =Y (W) =Yool =Y =Yo0'.

— Condition 44.1) : dom(0') N B = (. Remember §' = 6} & 0}:

e dom(0)) N B = 0: Given Y € dom(6}) then Y € dom(f) by
definition of ), and so Y & B, because dom(§) N B = ( by
hypothesis.

e dom(07)NB =0: As o is an mgu and o < 0 W+, then dom(o) C
dom(0W~). Given Z € B then Z ¢ dom(0), as dom(0)NB = () by
hypothesis, and Z & dom(y) C FV(f p — s) which are fresh, so



Z & dom(o). But then, as 00] = 0W~, Z=Z(0W~) = Zob| =
701, so Z & dom(0}).
— Condition #4.2) : vRan(0") N B = . Remember §' = 6 W 0}:

e vRan(0)) N B = (: Given Y € dom(6) then Y6, = Y0 by
definition of 6). As vRan(f) N B = 0 by hypothesis then it must
happen var(Y0) N B =0, so var(Y6)) N B = (.

e vRan(0])NB = 0: As 06} = W~ then we can assume dom(6]) C
vRan(o) U (dom(0 W) \ dom(o)).

% Let X € dom(0])NvRan(o) be such that X6¢] = r[Z] with Z €
B. We will see that this Z € B cannot appear in X 6] without
leading to contradiction. The intuition is, as vRan(6) N B =0
and vRan(Y|ygatra(r)) N B = 0, then every Z € B must come
from anappearance in e of the same variable, transmitted to
e’ by the matching substitution 7, and so transmitted to e”
by o.

As X € vRan(o) then there must exists Y € dom(o) such

that ¥ +—7 §,[X], —" su[r[Z]],. But as o] = 0 Wy

then Y %7 sy[r[Z]],. Then, Z € vRan(0 w~), but Z €

B, URCLH(Q) nB = (Z)”URa’n(’y‘vEmtra(R)) NnB = ®7d0m(7) -

FV(f p— s), so it must happen Z € vRan(vy|pv(5)), and as

a consequence Y € FV (). Let o € O(f P) (set of positions in

f P) be such that f p|l, =Y, then:

(X D)o = ((f D)oo = (( Plo)o = Yo = 51[X],.

- As X t & dom(7y), which are the fresh variables of the vari-
ant of the program rule, (X t)8)l, = (X ©)(0 WY))|o =
((F POS o = ((f D) O wA) = V(887 = salrlZ]y

So, as X € dom(0}) then X ¢ B and Z € B has been intro-

duced by 6, but this is impossible as vRan(0) N B = 0.

x Let Y € dom(0) \ dom(o) be. Then YO =Y (0W~y) (as Y €
dom(0)), Y(0W~) =Yob] (as o8] =0W~), Yob] =Y (as
Y ¢ dom(o). But then no var in B can appear in Y0, = Y0
as (dom(0) UvRan(0)) N B = 0.

x Let Y € dom(v) \ dom(o) be. Then Yy =Y (0W~v) =Yob] =
Y 0], reasoning like in the previous case. Asdom(y) C FV(fp —
s) it can happen:

- Y & FV(f p): Then no var in B can appear in Y~ because
vRan(Y]yBatra(r)) N B = 0 by the hypothesis.

-Y € FV(f p): Let Z € B appearing in Y+, then Z appears
in f £ because (f p)y = (f )0 and vRan(#) N B = 0. So it
must happen Y € dom(o) because otherwise o could not be
a unifier of (f ) and (f P) as Y is part of the fresh instance
and so it cannot belong to B. But this is a contradiction so
this case is impossible.

2. e = f t. Then we can proceed in a similar way as we did in the previous
case, but usin (Narr) instead of (VAct).



Contx Then we have e = C[s]. By hypothesis (dom(0) UvRan(0)) N B = () and
BV (C[s]) C B, so by lemma 11 ef = (C[s])8 = CO[s6)], and the step was

el = CO[s0]—'Ch[s'] = ¢/, because sf—'s'

Then we know that the lemma holds for sf—'s’, by the proof of the other
cases, so taking W = WU FV(s) and B’ = B (as BV (s) C BV(C[s])) we
can do s~!,,s"” for some 0, under the conditions stipulated. Now we can
put this step into (Contx) to do:

e = C[s]~!4,Cos(s"] = € taking o = 0y and ¢’ = 6},

because:

— If s~!,,s" was a (Narr) or (VAct) step which lifts a (Fapp) step that
uses the fresh variant (f p — r) € P and adjusts with v € PSubst, then:

e dom(o3)NBV(C) = 0: As 09 = mgu(s, f p) then dom(og) C FV(s)U
FV(fP). As o2 S 0wy and it is an mgu then dom(oz) C dom(0W).
If X € FV(s) Ndom(o3) then X & dom(y) C FV(f p — r), so it
must happen X € dom(#); but then X ¢ BV(C) because dom() N
BV(C) = () by the variable convention.

Otherwise it could happen X € FV(f p)Ndom(o2), then X appears
in the fresh variant and so it cannot appear in C.

e vRan(o2|\varz)) VBV (C) = 0: As dom(o2) € FV (s)UFV(f p) then
vRan(o2\varp)) = vRan(o2|py(s)). But as oo = mgu(s, f p) then
vRan(o|pv(s)) € FV(f b), which are part of the fresh variant, so
every variable in vRan(o2|\var(p)) is fresh and so cannot appear in
C.

— If s~!,,s"” was a (VBind) step then:

e dom(o2) N BV (C) = 0: As dom(o2) = Z C dom(f), and dom() N
BV(C) = () as we saw before.

e vRan(o2) N BV (C) = 0: Because vRan(o2) only contains fresh pat-
terns.

Then the conditions in lemma 6 hold:

— Condition i) : 08’ = §)W]: Because W C W', and 0205 = 0[W'], by the
proof of the other cases.

— Condition i) : €'’ = ¢: As BV (Co2) = BV(C), by the variable con-
vention, BV (C) C BV (e) C BV (B), by the hypothesis, and (dom(65) U
vRan(0})) N B = 0, by the proof of the other cases, then (dom(6%) U
vRan(0})) N BV (Coz) = (). But then:

"0 = (Cosls"])0h = Coay[s"65] = €
—— N
co s’

Because we have s”0) = s', by the proof of the other cases, and because
FV(C) C FV(e) CW and o205 = W], as we saw in the previous case
(remember o = o2 and 6’ = 6%).



— Condition i) : (dom(0") UvRan(8')) N B = (): Because §' = 6} and the
proof of the other cases.

Now we will prove the lemma for any number of steps proceeding by induction
over the number n of steps of the derivation ed—!"¢’. The base case where n = 0
is straightforward, as then we have e0—1"e0 = ¢ so we can do ewlg e = ¢,
so 0 = € and taking #’ = 6 the lemma holds. In the inductive step we have
efl—le;—!"¢’, and we will try to build the following diagram:

€ sty el S e ey = e
R Y €1 Fa N € =e
L L
0] 0,1 [0y — 0"
h'd h'd
*
ed €1 e

By the proof for one step we have e~!, e/ and 0, € PSubst under the
conditions stipulated. In order to deal with the IH we define the sets By =
BUBV(ey) and Wy = W \ dom(o1)) UvRan(o1) UvE, where vFE is the set of
extra variables in the fresh variant f p — s used in e~!, e/, if it was a (Narr)
or (VAct) step; vE = U = vRan(oy), if it was a (VBind) step; or vE is empty
otherwise. We also define 6; = 6}]yy,. Then:

— FV(e!) Udom(61) € Wy: We have dom(61) C Wy by definition of 6;. On
the other hand we can prove FV(ef) C W just reasoning as we did in the
first order version of this lemma, just adding a case for X ¢ FV(e) and X
introduced by a (VBind) step, in which X € vE, and hence X € Wj.

— €01 = e1: Because as we have seen, FV (e]) C Wy, and so ef0; = €/01|w, =
e]67 = ey, by the proof for one step.

— BV(ef) C By: As 0] € PSubst, €/ = e; and no PSubst can introduce
any binding then BV (e;) = BV (ef). But By = BU BV (e1), so BV (ef) =
BV(Gl) g Bl.

— (dom(61) UvRan(01)) N By = 0: As 0] € PSubst, /0] = e; and no PSubst
can introduce any binding then BV (e1) = BV (e/). Then it can happen:

a) BV(ef) € BV(e): Then B = By, as BV (e1) = BV(ef) € BV(e) C B
by hypothesis. Then, as (dom(67) U vRan(0;)) N B = @ by the proof
for one step, then (dom(67) UvRan(67)) N By = 0, and so (dom(6;) U
vRan(01)) N By = 0, because #; = 0|, and so its domain and variable
range is smaller than the domain of ;.

b) BV (e!) D BV (e): Then e~!, e} must have been a (LetIn) step and so
o =€ and 0] = 6. As the new bounded variable Z is fresh wrt 8 then it
is also fresh for 67 = 6, and so By = BU {Z} has no intersection with
dom(67) UvRan(6}) nor with dom(6;) UwvRan(;), which is smaller.

— For each instance of program rule Ru € [P] used in an (Fapp) step it happens
vRan(plygotra(ry) N Br = 0. As we have seen in the previuos case either
By = Bor By = BU{Z} for some Z fresh, so we can assume without loss of
generality that for any of those p we have Z € vRan (v Eatra(r))-



— 0101 = 0)W)]: Tt is enough to see that 0101 = o10;[W)], because we have
0107 = 0]W)] by the proof for one step, and this is true because given X € W:
a) If X € dom(oy) then FV(Xo1) C vRan(oy) C Wy, so as 61 = 61|,
then Xo160; = X010 |y, = Xo10].
b) If X € W\dom(o1) then X € W by definition, and so Xc16; = X6, (as
X & dom(oy)), X6, = X0y, = X0 (as X € Wy), and X0] = Xo6]
(as X & dom(o1)).

So we have €/, = e; and e;—! ¢/, but then we can apply the induction
hypothesis to ef 6, —!"¢ using Wi and Bj, which fulfil the hypothesis of the
lemma, as we have seen. Then we get e’l’wl; ey and 05 € PSubst under the
conditions stipulated. But then we have:

l*

l " " : "no— _n _ ! _
e'g e ey taking € = ey, 0 = 0102 and 0’ = 0,

for which we can prove:

— Condition i) : "0 = ¢€': As "0 = e}, = ¢’ by TH.

— Condition #2) : 08’ = 8[W)]: That is, 010205 = 0)W]. As we have 016, = 0[W],
as we saw before, all that is left is proving 010265 = 0161 W], which happens
because given X € W:

a) If X € dom(oy) then FV(Xo1) CvRan(o1) C Wy, so as o260y = 61 W]
by IH, then (X01)029/2 = (XO'l)@l.

b) If X € W\dom(o1) then X € W, by definition, and so, as 0265 = 61 W]
by IH, then Xo1096, = X020, (as X & dom(o1)), X020, = X0, (as
X eWy), X6, = X010, (as X & dom(oy)).

— Condition i) : (dom(8')UvRan(0'))NB = (): That is (dom(6%) UvRan(65))N
B = 0, which happens as (dom(6}) UvRan(65)) N By =0 by IH and B C B;.

Proof (For theorem 8). Applying lemma 6 to 69|Fv(e)—>l*e' with W = FV (e)
and B = BV (e), as el|py(c) = €.

5 A case of study: correctness of bubbling

Proof (For Theorem 9, Correctness of bubbling). The proof uses the following
easy lemma about semantics of 7, which justifies also the equation [Cle1]?Cles]] =
[Cle1]] U [Clez]] stated in the Theor. 9.

Lemma 17. [e;?es] = [e1] U [ez], for any e1,e2 € LExp

Proof. We must prove e;7eq — t & e — tV ey — t. Both implications
are straigtforward using the rules of HOCRWL. For instance, for =, assume
e1?eq — t. The derivation must use the HOCRWL rule (OR) and take the form

e —>S8 §—>t
61?624‘>t

if the rule X? Y — X of ? has been used in (OR), or a similar form with eo — s
if X?Y — Y was used instead. But e; — s s — t implies e; — ¢, and similar
for es.



Coming back to the proof of Th. 9, we reason by induction on the number &
of let’s occurring in Cle; ?eq].
e k = 0: Since there is no let in e;7eq, we can apply Theor. 1 to obtain:

[Clex7es]] = (by Theor. 1)
UtG[[el?GQ]] [CH] = (by Lemma 17)
Useeteniuicrean [C1E] = (set operations)
UtE[[C[el]]][[C[tH] U Ute[[c[GQ]]][[C[t]]] = (by Theor. 1)
[Clea]] U [Cle2]] = (by Lemma 17)
[Clex]?Clesz]]
e [k > 0: We reason by induction on the structure of C.
— C = ]: the result is trivial.
— C=C(e: then
[Clex?es] _
[C'[e17e2] €] = (by Theor. 2)
UtE[[C’[el?ez]]] [t €] = (by IH on C’)
Uteﬂc/[el]?c/[ez}ﬂﬂt e] = (by Lemma 17)
Ute([[C’[el]]]u[[C'[eZ)]ﬂ)[[t e] = (set operations)
Usereep It €Y Usegereap It €] = (by Theor. 2)
[C'[e1]e] U [C'[ez]e] =
[Clea]] U [Clea]] = (by Lemma 17)
[Cle1]?Clez]]
‘.

— C = e (' very similar to the previous one
— C=let x =ein C': then

[Cle1?ea]] =

[let z=e in C'[e17es]] = (by Theor. 2,0 = {x/t})
Ute[[e] [C'[e17ez]o] =

Uteﬂe]] [C'ole1o?eqa]] = (by IH on k, that decreases)
Usege[C'olero]?Caleso]] = (by Lemma 17)
Usegep([C'olero]] U [Colezo]]) = (set operations)

Ute[[e]] [C'olero]] U Ute[[eﬂ [C'olexo]] = (by Theor. 2)

[let x=e in C'[e1]] U [let z=e in C'[es]] =

[Clea]] U [Clez]] = (by Lemma 17)
[Clea]?Clez]]

— C=let x =C' in e: very similar to the previous case

This ends the proof. It is interesting to observe that most of it consists of direct
calculations with denotation of expressions, in the form of chains of equalities of
denotations. We find this methodology quite appealing.

6 Translation to first order

Proof (For Proposition 2). Let us consider an expression e = fo(ep,) (for some
HO expression ej,) and ¢’ resulting from e by reducing one of its @-calls. We



want to prove [e] = [¢']. The extension to consider any number of reductions of
calls to @ in e is a straightforward induction on such a number.

The situation can be reflected by considering e = C [Q(hy,(e1, - .., €n), €nt1)]
and two possible cases for ¢/, depending on the two possible forms of the @-rule
used:

— i @ (X X0) YY) = g1 (X1s o X0 Y) € Pro, with hy, by €
CSj,, then ¢/ = C [hypt1(e1, ..., en,ent1)]. It is trivial to prove that

[Q(hn(e1,.-- en),ent1)] = [hnt1(ets .-, en,eni1)]

(because this @-rule is in fact the only applicable). Now, by Th. 1 we have

[e] = [C [@(hnler, - en), ent )]l = Usefa(hn(er,...en)ens)C E] =
Utg[[hn+1(el,...,en,enJrl)]]C [t] = [C [hnyi(er, .- enseni1)]] = [€]

— i QA (X1, ..., X0),Y) = h(X1,..., X0, Y) € Ppo, with hy € CSp, and
h € CSy, (henceforth h € FS™), then e = C [h(ey,...,€n,ent1)]. As before
[e] = [€'], and by Th. 1 we obtain the result in a similar way to the previous
case.

Lemma 18. (fo(e))[X/fo(t)] = fo(e[X/t]).
Proof. An easy induction over the structure of e.

Proof (For 10, Theorem Adequacy of HO-to-FO translation).

For the correctness of the transformation it is easier to use the alternative
version of HOCRWL;.; of Fig. 4. Using this calculus we are in fact proving a
generalized version of the result because it is proved for let-expressions instead
of standard-expressions. So, the reformulation of the Theorem becomes:

Let P be a HOCRWLye,-program, e € LExp, , t € HOPat | and Py, fo(e) €
LExpys,, 1, fo(t) € CTerm, the corresponding transformed CRWLe-program,
expression and pattern respectively. Then:

P tFrocrwiy,, € =< Pro Fcrwe,, fo(e) — fo(t) la

We reason both implications separately:

(=) We proceed by induction on the length [ of the proof for P Fpocrwr,., € =t
I =0 The cases (B), (RR) and (DC) with ¢ € DC? are trivial.
I = 1+ 1 For the sake of simplicity and using the Prop. 2 when we write e — fo(t)
we will understand e — fo(t) |a. We have the following cases:
(DC) the proof will have the form (we reason with only two arguments for
simplicity, but the extension to more arguments is direct):

e1 —> 11 ea — 1o

hoeg e — h iy by h e X, if h t; to is a partial pattern



(OR)

(Let)

(Ap)

We have fo(h e; e3) = @Q(Q(hy, fo(e1)), fo(ez)) but, by proposition
2 we can work with the equivalent expression ho(fo(e1), fo(ez)). On
the other hand fo(h t1 t2) = ha(fo(t1), fo(t2)). In CRWLj.; we can
build:

Jolen) —=fottn) " Folen) = folta) ™ a(foltr), fo(t2)) — hafo(tr), fo(t2)) g
ha(fo(e1), fo(e2)) — ha(fo(t1), fo(t2))

c*
C

Now we have a proof like:
el =+t eg =ty T —1 if t is a partial pattern
fe e —t (ftita—r)e [Pl

Again we work with fo(f e1 ea) = f(fo(e1), fo(ez)) and can build the
proof:

i.h., ——~——F—= i.h.
fo(r) = folt) o

i.h.

fo(e1) — fo(t1) fo(e2) — fo(t1)

f(fo(er), fo(ez)) — fo(t)

that is performed using the instance (f(fo(t1),fo(t2)) — fo(r)) €

L
The proof is:

61—>t1 62[X/t1]—i>t

et X =, iney o1 if ¢ is a partial pattern

We have fo(let X = ey in e3) = (let X = fo(e1) in fo(ez)) and the
proof:

Jole) = Jolt) """ folea) X/ fot)] “Z™ folealX/ti]) = folt)
let X = fo(e1) in fo(e2) — fo(t)

i.h.

Let

We have:
61—‘>t1 62—>t2 (tl tz)—bt
(61 62) —

Notice that if P Frocrwr,, (t; t2) — t by ih. we also have
Pro Ferwiy., Q(fo(t1), fo(tz)) — fo(t). This proof must be done
by (OR), using a rule (Q(si,s2) — 7) € Py, and § € CSubst, in
the following way:

fo(ti) — s160  fo(tz) — s20 16 — fo(t)
Q(fo(tr), foltz)) — fo(t)

On the other hand, by i.h. we have fo(e;) — fo(t;) and then, as
fo(t1) — s10 we also have fo(e;) — s10, and similarly fo(ez) — s26.
Now, we use these facts for building our proof in CRWL;.;. First of
all fo(e; ex) = Q(fo(ey), fo(ez)) and the proof will have the form:

OR



fo(er) = s10  fo(ez) — 520 16 — fo(t)
Q(fo(e1), fo(ez)) — fo(t)
Using the same function rule and the same c-susbtitution.
(<) We proceed by induction on the length { of the proof for Py, Fcorwi,, fole) —
fo(t):
[ =0 The cases (B), (RR) or (DC) with ¢ € CS° are trivial.
Il = 1+ 1 The possible proofs with length greater than one are:

* (DC) and (Let) are easy applications of i.h.

* If the proof is done by (OR) it can have two forms depending on
the function rule applied: it can belong to Pq or come from a rule
of the original program P:

OR

- For the first case the proof is:

foler) — fo(t1)0  fo(ez) — fo(t2)0 fo(r)0 — fo(t)
Q(fo(er), fo(ez)) — fo(t)

using a rule (Q(fo(t1), fo(t2)) — fo(r)) € Py, and 6 € C'Subst .
Then (e; e2) is a partial application and (¢1 ¢2) is a pattern and
it is easy to build the proof (e; es) — (t1 t2) in HOCRWL' ;.
using i.h. and DC.

- For the second one we have

fo(er) = fo(t1)8... fo(en) — fo(tn)f fo(r)6 — fo(t)
fo(f(elv AR en)) - fO(t)

taking (fo(f(t1,...,tn)) — fo(r)) € Py, and 0 € C'Subst, . Then
it must be (f(t1,...,t,) — r) € P and we have:

i.h. i.h.

.ey —> Tyl i.h. rd — t
fler,...,en) =t

e — t19




